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Abstract: In This Paper The One Class Of Controllable Differential Inclusions With Indefinite Parameter Is 

Considered. For This Model Of Dynamic Control Systems Under Conditions Of Indeterminacy The Minimax 

Control Problem  Is Researched. In This Problem The Necessary And Sufficient Conditions Of Optimality Is 

Obtained. 
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1. Introduction. 

Differential Equations With An Single-Valued Right-Hand Side Are Ideal Models Of Real Processes That Do 

Not Take Into Account Measurement Errors, Incomplete Information About The Initial Data, And Random 

Changes In External Perturbing Forces. However, Such Deterministic Models Do Not Meet The Modern 

Requirements For Effective Management Of Complex Technological And Economic Processes, For Which 

Errors And Inaccuracies Of The Determining Process Parameters Are Significant. 

To Describe The Dynamics Of Processes Without The Help Of Probabilistic Characteristics Of The 

Model's Uncertainties, One Can Use Differential Equations With A Multi-Valued Right-Hand Side (They Are 

Called Differential Inclusions), I.E. Relations Of The Form 

                                      ),( xtFx ,                                              (1) 

Where x  Is A Phase Vector From The Euclidean N-Dimensional Space 
nR , 

dt

dx
x =  Is A Velocity 

Vector, T  Is Time, ),( xtF  Is A Given Multi-Valued Map, I.E., A Function That Corresponds To Each 

Moment Of Time T And Each Point 
nRx  To The Set ),( xtF  Of 

nR . The Use Of The 

Mathematical Apparatus Of The Theory Of Differential Inclusions For The Study Of Nondeterministic 

Processes, Including Control Objects (Systems), Allows Us To Obtain Results That Not Only Give An 

Assessment From Above, But Also New Qualitative Characteristics Of The Process Under Study. 

The First Studies On Differential Equations With A Multi-Valued Right-Hand Side Were Carried Out 

In The Works Of S. Zaremba And A. Marsho In The 30 S Of The Xx Century. During The Next 25-30 Years, 

These Studies Did Not Attract Much Attention, Since They Were A Formal Generalization Of The Classical 

Concept Of Differential Equations. 

Only After A. F. Filippov [1] Made The First And Successful Application Of Differential Equations 

With A Multi-Valued Right-Hand Side To The Problems Of Optimal Control, Since The 60s Of The Xx 

Century, There Was A Great Interest In Differential Inclusions. Studies Of Differential Equations With A 

Discontinuous Right-Hand Side [2, 3] Have Shown That The Generalization Of The Concept Of Solving Such 

Equations Is Possible Using The Differential Inclusion Model. The Differential Inclusion Model Can Be 

Applied To Describe Differential Inequalities And Implicit Differential Equations. Differential Inclusions Have 

Found Applications In Differential Games [4] And Mathematical Economics [5]. 
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A Great Contribution To The Development Of The Theory Of Differential Inclusions And Their 

Applications To Optimal Control Problems Was Made By Filippov A. F., Wazewski T., Aubin J. P., Bridgland 

T. F., Castaing C., Kikuchi N., Clarke F., Cellina A., Olech C., Blagodatskikh V. I., Kurzhansky A. B., 

Pshenichny B. N. , Aseev S. M., Plotnikov V. A., Polovinkin E. S., Panasyuk A. I., Tolstonogov A. A., And 

Other Scientists.  

The Questions Concerning The Theory Of Differential Inclusions Are Very Diverse. Since Differential 

Inclusions Are A Generalization Of Differential Equations ),( xtfx =  To The Case Where The Right-

Hand Side Of ),( xtf  Is Multi-Valueds, All The Usual Problems Inherent In Differential Equations Arise. 

These Include The Existence And Boundedness Of The Solution, The Continuous Dependence Of Solutions On 

Initial Conditions And Parameters, Periodic Solutions, Etc. On The Other Hand, The Differential Inclusion Has 

An Entire Family Of Trajectories From Each Starting Initial Point 0x . As A Result, Other Specific Questions 

Also Arise, Such As The Closeness, Compactness, Convexity And Connectivity Of The Solution Family, The 

Properties Of The Integral Funnel And The Reachability Set, And Many Others [6]. 

The Theory Of Differential Inclusions Develops In Various Directions. We Study Differential-

Functional And Integro-Differential Inclusions [7,8], Differential Inclusions With Delays[9], Partial Differential 

Inclusions[10], Pulsed Differential Inclusions [11], Differential Inclusions With A Fuzzy Right-Hand Side 

[12,13,14], And Other Classes Of Differential Inclusions And Their Discrete Analogues [15 -20]. A Wide 

Range Of Questions In The Theory Of Differential Inclusions Are Studied With A Wide Application Of The 

Theory Of Multivalued Maps, Convex And Nonsmooth Analysis [21]. 

2. Object Of Research And Methods. 

In The Development Of The Theory Of Differential Inclusions, A Qualitative Shift Was The Beginning 

Of Research On Controlled Differential Inclusions Of The Form        [ 16,18,22] 

                                                   UuuxtF
dt

dx
 ),,,( ,                                  (2) 

Where ),,( uxtF  Is A Multi-Valued Mapping That Depends On The Control Parameter )(tuu =  . 

Differential Inclusions Of The Form (2) Arise In The Study Of Control Systems Under Conditions Of 

Uncertainty. In Fact, Let The Following Control Object Model Be Given: 

                                             Uuwuxtf
dt

dx
= ),,,,( ,                                                (3) 

Where )(tuu =  Is The Control Parameter, And )(tww =  Is The External Influence Parameter, And 

The Information About This Parameter Is Minimal, I.E. Only The Area Of Its Change Is Known: .Ww  

Under Fairly General Assumptions, I.E. When Functions ),,,( wuxtf  Are Measurable By t , Continuous By 

),,( wux , And )(tww =  Are Measurable, The Control System (3) Is Equivalent To A Controlled 

Differential Inclusion 

                                ),,,( Wuxtf
dt

dx
 .                                         (4) 

It Should Be Noted That The Differential Inclusion (4), As A Model Of A Control System Under Uncertainty, 

Takes Into Account Various Possibilities Of Representing An Inaccurate Parameter Ww , For Example, 

W=W(T,X) Or W=W(T,X,U). 

In The Study Of Control Systems, The Properties Of A Family Of Solutions And An Ensemble Of 

Trajectories Are Of Particular Interest. Using Models Of The Form (1) And (2), It Is Possible To 

Comprehensively Study Various Structural Properties Of A Family Of Solutions And The Dynamics Of An 

Ensemble Of Trajectories, Depending On The Initial Data And Parameters. These Models Will Also Be Used In 

The Study Of Local And Global Properties Of Optimal Control For Control Problems Under Uncertainty. 

The Problems For Differential Inclusions Are Of Interest From The Point Of View Of Their Practical 

Application To The Problems Of Various Classes Of Control Systems. For Control Systems In Conditions Of 

Uncertainty, The Tasks Of Controlling An Ensemble Of Trajectories Are Of Great Importance. They Lead To 
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Similar Problems For Differential Inclusions To Control Parameters. The Problems Of Controlling An 

Ensemble Of Trajectories For Control Systems Under Conditions Of Uncertainty And Differential Inclusions 

Are Considered In [16, 22 -26]. 

For Differential Inclusions Of Various Classes, The Following Problems Are Important: The 

Controllability Problem; The Speed Problem; The Minimax (Or Maximin) Control Problem. These Problems 

For Differential Inclusions With Control And Other Parameters Acquire New Features And Features, Have 

Their Own Specifics, Which Is Manifested In The Applied Research Methods. The Problems Of Controlling An 

Ensemble Of Trajectories With Different Optimality Criteria Have Their Own Statements And Corresponding 

Results For Discrete Analogs Of Models Of The Form (2). It Should Be Noted That The Practical Significance 

Of Such Studies Is Increasingly Increasing In Connection With The Development Of Numerical Methods And 

Information Technologies. 

Questions Of Analysis And Synthesis Of Control Systems Lead To The Need To Study Models Taking 

Into Account The Influence Of Various Internal And External Parameters. The Class Of Such Models Includes 

Differential Inclusions With Control Parameters And Uncertainty [27, 28]. 

Consider The Model Of The Control System In The Form Of The Following Differential Inclusion 

),(),()( qtDutBxtAx ++ , ],[,,,)( 1000 ttTtQqVuXtx = ,  (5) 

Where x  – n -Dimensional State Vector, u - m -Dimensional Control Vector, q - k -Dimensional Vector Of 

External Influences, )(tA - nn -Matrix, 
nRutB ),(  ,

nRqtD ),(  , 
nRX 0  , 

mRV   , 

kRQ   . With Respect To Parameter q , We Will Assume That It Is Constant Over The Interval 

],[ 10 ttT = , But Only Its Set Of Possible Values Q  Is Known . 

The Control System (5) Will Be Studied Under The Following Assumptions: 

1) The Elements Of Matrix )(tA  Are Summable By ],[ 10 ttT =  ; 

2) 
nRX 0 , 

mRV  , 
kRQ   – Convex Compacts; 

3) For Any ],[ 10 ttTt = , QqVu  ,  Sets ),( utB  And ),( qtD  Non-Empty Compacts Of 

nR  ; 

4) The Multi-Valued Map ),(),( utBut →  Is Measurable By ],[ 10 ttTt = , Continuous By 

Vu , And Integrally Bounded, I.E. There Is A Function ],[ 10 ttT =   Summable By )(tB  Such That

)}()},(:sup{ tutB B  , VTut ),( ; 

5) The Multi-Valued Map ),(),( qtDqt →  Is Measurable By ],[ 10 ttTt = , Continuous By 

Qq , And Integrally Bounded, I.E. There Is A Function ],[ 10 ttT =   Summable By )(tD  Such That 

)()},(:sup{ tutB D  , VTut ),( ; 

Definition 1. By Admissible Controls For System (5), We Mean Measurable Bounded m -Vector 

Functions )(tuu = , ],[ 10 ttTt = , Which Take Almost Everywhere By ],[ 10 ttT =  Values From The 

Convex Compact V  . 

Definition 2. An Admissible Trajectory Corresponding To Control )(tuu = , ],[ 10 ttTt = , And 

Parameter Qq  Is An Absolutely Continuous n -Vector Function ),,()( qutxtx =  That Satisfies Almost 

Everywhere On ],[ 10 ttT =  The Differential Inclusion (5) And The Initial Condition 00 )( Xtx  . 

Let:  U  – The Set Of All Permissible Controls; ),( quH  – The Set Of Admissibly Trajectories 

Corresponding To The Pair QUqu ),( ; )},()(),(:{),,( quHxtxRqutX n ==  . The 

Multi-Valued Map ),,( qutXt → , ],[ 10 ttTt = , Which Describes The Dynamics Of The Set Of 
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Permissible Trajectories ),( quH  On The Time Interval ],[ 10 ttT = , Is Usually Called The Ensemble Of 

Trajectories Of The Control System (5). 

For Model (5), Different Topological Properties Of Sets ),( quH  And ),,( qutX  Are Important . 

Using The Methods Of [22] , We Can Study The Convexity And Compactness Properties Of Sets ),( quH  

And ),,( qutX  , As Well As The Continuity, Closure, And Convexity Of Multi-Valued Maps: 

),(),( quHqu T→ , ),,(),,( qutXqut → . 

Consider The Set ),,(),( 11 qutXquX = , Which Is The Set Of All Such Points Of The State Space 

That Can Be Reached At Moment 1t , Moving Along The Admissible Trajectories Of ),()( quHx   . This 

Reachability Set Of System (5) For A Fixed Pair QUqu ),(  Characterizes The Terminal State Of Its 

Ensemble Of Trajectories. 

We Will Manage This Terminal State ),(1 quX  By Evaluating The Quality Of The Control Process 

Using The Following Non-Smooth Functionality:  

}),(:),(minsup{)),((
1

11 
=


=

l

i

i
Zz

quXPzquXg
ii

 ,   (6) 

Where P – ns  Is A Matrix, liZ i ,1, = , Are Compacts Of 
sR . Given That In The System (5), Parameter 

Qq  Has The Character Of Uncertainty, The Terminal State ),(1 quX  Will Be Controlled According To 

The Minimax Principle, I.E., According To The Principle Of Obtaining A Guaranteed Result. So, The 

Following Minimax Problem Is Considered 

UuquXg
Qq

→


min,)),((sup 1 .     (7) 

Control Uu *
, Minimizing Non-Smooth Functionality Of The Form 

)),((sup)( 1 quXguJ
Qq

=                                                (8) 

We Call Optimal Control In Problem (7). 

This Minimax Problem  (7) Belongs To The Class Of Nonsmooth Optimal Control Problems. Here We 

Will Study The Necessary And Sufficient Conditions Optimality  In Problem (7). 

Let ),( tF  Be The Fundamental Matrix Of Solutions To Equation xtAx )(= , EF =),(  . 

According To The Results Of The Theory Of Differential Inclusions, For Any QUqu ),( , The Set 

),(1 quX  Has The Representation: 

 ++=
1

0

)],())(,()[,(),(),( 10011

t

t

dtqtDtutBttFXttFquX .   (9) 

Let ),(sup),(  yYС
Yy

=  Be A Support Function Of A Bounded Set 
nRY   . Using Formula 

(9), The Properties Of The Support Functions And The Integral Of Multi-Valued Maps, We Obtain That For 

Any QUqu ),( , The  Set ),(1 quX  Is A Convex Compact Of 
nR  And Its Support Function Has The 

Form: 

 ++=
1

0

))],,())(,()[,((),),(()),,(( 10011

t

t

dtqtDtutBttFСXttFСquXС  .  (10) 

Further, Since 

            ),(min),(min),(min),(min
1

,1,
1

zPzPzPPz
coZzcoZz

l

i

i
liZz

l

i

i
Zz

iiii

===


=
=

=


  , 
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Then, Using The Formula (10) And The Minimax Theorem From Convex Analysis, We Obtain That For The 

Functional (6) The Formula Is Valid

}))],,())(,()[,((),),(({min)),((
1

0

10011  ++=


t

t
coZz

dtzPqtDtutBttFСzPXttFСquXg ,     (11) 

Где 
=

=
l

i

izz
1

, 
=

=
l

i

iZZ
1

, coZ  –The Convex Hull Of The Set Z  . 

3. Main Results. 

In The Future, We Will Assume That, Along With The Conditions 1) – 5), The Condition Is Satisfied: 

6) The Support Function Of The Set ),( qtD  Is Concave By Qq . 

Using (8), (10), And (11), We Have: 

),,(minmax)( zquuJ
coZzQq



= ,     (12) 

Where 

 ++=
1

0

)),(),,())(,(()),(,(),,( 00

t

t

dtztqtDtutBСztXСzqu  , 

 ),( zt – Absolutely Continuous Solution Of System zPttA == )(,)( 1 . Functional ),,( zqu  Is 

Concave By Qq And Convex By coZz . Therefore, Applying The Minimax Theorem Mentioned 

Above, We Obtain The Following Formula From (12): 

])),(),,())(,((max)),(,([min)(
1

0

00  ++=


t

t
QqcoZz

dtztqtDtutBСztXСuJ  .  (13) 

Let's Introduce The Following Functionals:  

 
++=

1

0

1

0

)),(),,((max)),()),(,(()),(,(),( 00

t

t
Qq

t

t

dtztqtDСdtzttutBСztXСzu  ,  (14) 

 ++=


1

0

1

0

)),(),,(()),(),,((min)),(,(),( 00

t

t

t

t
Vv

dtztqtDСdtztvtBСztXСzq  .  (15) 

Theorem 1. Let: 

1) ],[),( 10

* ttTttu = , – Optimal Control In The Problem (7); 

2) coZz *
 –  Point Of The Global Minimum Of The Function ),( * zuz → . 

Then For Almost All ],[ 10 ttTt =  The Equality Holds 

)),()),(,(()),(),,((min *** zttutBСztvtBС
Vv

 =


.    (16) 

Proof. Since ],[),( 10

* ttTttu = , Is The Optimal Control In Problem (7), Then 

UuuJuJ  ),()( *
, Where )(uJ  Has The Form (8). Therefore, Using (13) And (14), We Have: 

Uuzuzu
coZzсoZz




),,(min),(min *  .    (17) 

Let coZz *
 Be An  Point Of The Global Minimum Of Function ),( * zuz →  . Then From (17) 

We Get 

UudtzttutBСdtzttutBС

t

t

t

t

  ,)),()),(,(()),()),(,((
1

0

1

0

***  . 

Therefore, 
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1

0

1

0

)),(),,((min)),()),(,(( ***

t

t
Vv

t

t

dtztvtBСdtzttutBС  . 

From Here We Get 

 
=

1

0

1

0

)),(),,((min)),()),(,(( ***

t

t
Vv

t

t

dtztvtBСdtzttutBС  .   (18) 

Due To The Properties Of The Lebesgue Integral, It Follows From (18) That Equality (16) Holds For Almost 

All ],[ 10 ttTt = S.  

Let Us Use The Result Of The Proved Theorem. First, Given (8) And (13), We Have A Chain Of 

Equalities: =++  
])),(),,((max)),(),,((min)),(,([min

1

0

1

0

00

t

t
Qq

t

t
VvcoZz

dtztqtDСdtztvtBСztXС   

=++=  
])),(),,((max)),()),(,(()),(,([minmin

1

0

1

0

00

t

t
Qq

t

t
coZzUu

dtztqtDСdtzttutBСztXС   

)),((maxmin 1 quXg
QqUu 

= .         (19) 

Next, Let ],[),( 10

* ttTttu =  Be The Optimal Control In Problem (7), And coZz *
 Be The 

Point Of The Global Minimum Of Function ),( * zuz →  . Then, Using (8), (13), (14), (16), We Have: 

 ====


),(),(min),(minmin)),((maxmin ***

1 zuzuzuquXg
coZzcoZzUuQqUu

  

=++=  

1

0

1

0

)),(),,((max)),()),(,(()),(,( ****

00

t

t
Qq

t

t

dtztqtDСdtzttutBСztXС   

++=  

1

0

1

0

)),(),,((max)),(),,((min)),(,( ***

00

t

t
Qq

t

t
Vv

dtztqtDСdtztvtBСztXС   

 
++

1

0

1

0

)),(),,((max)),(),,((min)),(,([min 00

t

t
Qq

t

t
VvcoZz

dtztqtDСdtztvtBСztXС  .  (20) 

Now, Taking Into Account The Definition (15) Of The Functional ),( zq  , From (19) And (20) We Get That 

*z  Is The Point Of The Global Minimum Of The Function ),(max zqz
Qq



→ . Therefore, The Following 

Necessary Optimality Conditions Are Valid. 

Theorem 2. Let ],[),( 10

* ttTttu = , Be The Optimal Control In Problem (7). Then There Exists A 

coZz *
 – Point Of The Global Minimum Of The Function ),(max zqz

Qq



→  By coZ  , Such That, For 

Almost All ],[ 10 ttTt = , Equality (16) Holds. 

Now We Give Sufficient Optimality Conditions In Problem (7). 

Theorem 3. Let coZz *
 Be The Point Of The Global Minimum Of A Function 

),(max zqz
Qq



→  By coZ , And ],[),( 10

* ttTttu =  Be A Admissible Control Satisfying Almost 

Everywhere On ],[ 10 ttT =  The Relation (16). Then )(* tu  Is The Optimal Control In Problem (7). 

Proof. By Virtue Of Formula (13) And The Definition Of Functionals ),(),,( zqzu  , We Have: 

==


),(minmin)),((maxmin 1 zuquXg
coZzUuQqUu
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=++=  
])),(),,((max)),()),(,(()),(,([minmin

1

0

1

0

00

t

t
Qq

t

t
coZzUu

dtztqtDСdtzttutBСztXС   

=++=  
])),(),,((max)),()),(,((min)),(,([min

1

0

1

0

00

t

t
Qq

t

t
UucoZz

dtztqtDСdtzttutBСztXС   

=++=  
])),(),,((max)),(),,((min)),(,([min

1

0

1

0

00

t

t
Qq

t

t
VvcoZz

dtztqtDСdtztvtBСztXС   

=++=  
])),(),,(()),(),,((min)),(,([maxmin

1

0

1

0

00

t

t

t

t
VvQqcoZz

dtztqtDСdtztvtBСztXС   

),(maxmin zq
QqcoZz



= .         (21) 

Let coZz *
 Be The Point Of The Global Minimum Of The Function ),(max zqz

Qq



→  By coZ

, I.E. 

==


),(max),(maxmin *zqzq
QqQqcoZz
  

])),(),,(()),(),,((min)),(,([max
1

0

1

0

***

00  ++=


t

t

t

t
VvQq

dtztqtDСdtztvtBСztXС  .      (22) 

Let The Admissible Control ],[),( 10

* ttTttu = , Satisfy Almost Everywhere On ],[ 10 ttT =  The Relation 

(16). Then From (22) We Get: 

=


),(maxmin zq
QqcoZz
  

++=  

1

0

1

0

)),(),,((max)),()),(,(()),(,( ****

00

t

t
Qq

t

t

dtztqtDСdtzttutBСztXС   

])),(),,((max)),()),(,(()),(,([min
1

0

1

0

*

00  
++

t

t
Qq

t

t
coZz

dtztqtDСdtzttutBСztXС  .   (23) 

Using (13) And The Definition (8) Of Functional )(uJ , We Have: 

=


)),((max *

1 quXg
Qq

 

])),(),,((max)),()),(,(()),(,([min
1

0

1

0

*

00  
++=

t

t
Qq

t

t
coZz

dtztqtDСdtzttutBСztXС  .     (24)  

It Follows From (23) And (24) That 

)),((max),(maxmin *

1 quXgzq
QqQqсoZя 

 .    (25) 

Now From The Relations (21) And (25) We  

)),((max)),((maxmin *

11 quXgquXg
QqQqUu 

 . 

On The Other Hand, It Is Clear That 

)),((max)),((maxmin *

11 quXgquXg
QqQqUu 

 . 

Taking Into Account (8), The Last Two Relations Imply The Equality 

)()(min *uJuJ
Uu

=


, 

That Is, ],[),( 10

* ttTttu =  , Is The Optimal Control In Problem (7). 
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4. Discussion Of The Results And Conclusion. 

Developing The Method Used To Obtain The Reduced Optimality Conditions, It Can Be Shown That 

If Tttu ),(*
 , Is The Optimal Control In Problem (7), Then There Exists A Point coZz *

 Of The Global 

Minimum Of Function ),(max zqz
Qq



→  And A Point Qq *

 Such That Pair ),( ** qu  Is The Saddle 

Point Of The Functional 

                  +=
1

0

)),(),,())(,((),( **

t

t

dtztqtDtutBСquh  . 

The Necessary Optimality Condition For The Considered Non-Smooth Minimax-Type Problem Is 

Given In Theorem 1 In The Form Of Relation (16). It Should Be Noted That In The Case Where 

),(),( utBut →  Is A Single-Valued Mapping, Condition (16) Takes The Form Well Known From The 

Pontryagin Maximum Principle [6]. 

To Apply Condition (16), The Global Minimum Point coZz *
 Of Function ),( * zuz →  Must 

Be Known . And In Theorem 2, It Is Stated That The Point coZz *
 Used In Condition (16) Is The Point Of 

The Global Minimum Of Function ),(max zqz
Qq



→  . Since Minimizing Function ),(max zqz

Qq



→  

Does Not Require Any Information About The Desired Optimal Control, Theorem 2 Can Be Considered More 

Convenient From The Point Of View Of Practical Application.  

Theorem 3 Actually States That The Optimality Conditions Obtained In Theorem 2 Are Sufficient. So, 

Combining Theorems 2 And 3, We Can Say That The Main Result Of The Work Is The Following Optimality 

Criterion: In Order For The Admissible Control Tttu ),(*
 To Be Optimal In Problem (7), It Is Necessary 

And Sufficient That The Point coZz *
 Of The Global Minimum Of Function ),(max zqz

Qq



→  Exists 

And That The Relation (16) Is Performed Almost Everywhere On ],[ 10 ttT = . 

According To This Optimality Criterion, The Process Of Solving The Infinite-Dimensional Problem (7) 

Consists Of The Sequential Solution Of Two Types Of Finite-Dimensional Optimization Problems. First, The 

Auxiliary Minimization Problem Is Solved: coZzzq
Qq

→


min,),(max  . After Finding The Solution 

coZz *
 Of This Problem, The Optimal Control Tttu ),(*

 Is Defined As The Solution Of The 

Parametrized Problem: VvztvtBС →min,)),(),,(( * . 

In Conclusion, We Note That In The Work Developing The Research Methods [27, 28], The Results 

Are Obtained, Which Are The Theoretical Basis For The Development Of An Algorithm For Constructing 

Optimal Control In The Considered Minimax Problem. 
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