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Abstract
The aim of this research article is to prove the existence of fixed points and to establish some
convergence and approximation results for the fixed point of multivalued nonexpansive
mappings for bounded sets in sequence space /. In the end, we provide two numerical
examples to establish our results.
Keywords: Multivalued nonexpansive mappings, Fixed point, Sequence space /~.
2010 MSC: 46B45, 47H09, 47H10.

1. Introduction
Some fixed point results for nonexpansive mapping were proved by Browder [1] in 1965. After
that there is great progress in the field of fixed point theory of nonexpansive mappings. A large
number of results are obtained by many researchers (see [4, 5, 8, 9]). But, in 2020, Xianbing Wu
provided some examples to establish that nonexpansive mappings have fixed points for some
nonclosed bounded sets in Banach spaces whereas there are some nonexpansive mappings which
have no fixed points for closed bounded sets.
Example 1.1. [9] “Let the set C={-1,1} and take Tx=X. Then T:C— C is a nonexpansive

mapping and C is a closed bounded set. But T has no fixed in C.”
Example 1.2. [9] “Let the set C=[0,1]and

l,ifx:l
4

Tx = ;
—,ifx=1.

But T:C—C is not nonexpansive mapping in closed bounded set C. However, it is a
nonexapansive mapping in nonclosed bounded set [0,1) and there exists a fixed point

7
—~eC=[0,2).”
gcc=00D

He also proved some convergence results for the fixed point of nonexpansive mappings for
bounded sets in sequence space ¢~.
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2. Preliminaries

In the following section, some needed results and definitions are provided to make this
paper self contained.
“Let X be a Banach space. Then a nonempty subset E of X is said to be proximinal if for each
X € X, there exists some y e E such that

|x—y| =dist(x,E) =inf {|x—y|:y € E}.

Let P(E) denotes the family of all nonempty bounded proximinal subsets of E. Let H(,-) be the
Hausdroff distance on P(E) defined as:

H(A, B) = max {sup,_, dist(a, B),sup,_ dist(b,A)}, A,B € P(E)
where dist(a, B) = inf {|a—b||: b « B} denotes the distance from the point ‘a’ to the set B.
A multivalued mapping T :E — P(E) is said to be nonexpansive if
H(Tx, Ty) <[jx-y|. x,y €E.
Lemma 2.1. [6] Let T:E — P(E) be multivalued mapping and P (x) ={yeE:|x—-y[=d(x,Tx)}.

Then the following conditions are equivalent:

@ xeF(T),ie,xeTx;
(2) Py (X) ={x},ie.,x=yforeachy e P;(x);
(3) x e F(P;),1.e.,x € P (x).Further, F(T) = F(P;).

Definition 2.2 [9] Let y be a bounded linear functional on ¢*. Then y is called a Banach limit
if it satisfies |y||=w (@) =1 and y(B,..)=w(B,). B, € (*.Moreover, suppose  is a Banach
limit, then the following conditions hold:

(i) Ifforall nell,a, <p, means y(a,) <w(p,), where a,,f, €l”

(i) Foreach nell,f ¢, wehave y(B)=w(B,.,)
@iy  himinf B <w(g,) <limsup, . A, where g e/”.

Lemma 2.3. [8] Suppose that {,},{B,} are two sequences of nonnegative numbers and

Zﬂn <o, if there exists some number N, €], forall n> N,such that ¢, , <o, +f,,

then lim__, o, exists.”

3. Convergence Results in ¢~
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Theorem 3.1. Suppose E = ¢ is a bounded subset of sequence space ¢ and T:E - P(E) is a
multivalued mapping such that P; is a nonexpansive mapping. If the following conditions hold:

. . . _ |an+q — &, |
(a) there is a sequence {«,} in [0,1) such that lim  «, _1,Zl—<oo, for all
_an

n,qel] and ueEthen queE
(b) if {u,}is asequence in Eand lim,_, u, =u"then u"cE

Then,

(i) T has atleast one fixed point in E
(i)  take u,,, =a,w,,where w, eP;(u,) then the sequence {u, } converges to a fixed point
of T.

Proof. Suppose u, €E and taking u,,, =a,w,,where w, P, (u,)and {a,} is a sequence in
[0,1) which satisfies condition (a) of theorem 3.1 which implies u. , € E. Now we prove that
{u,} has a convergent subsequence {u,, }.

As P, is a nonexpansive mapping, therefore for all n,q el , we get

un+q —U,|[= ‘ an+q—1Wn+q—1 — 0 Wi, ‘
= ‘ an+q—1Wn+q—1 O W, + an—1Wn+q—l - an—lwmq—lu
S' am—q—l —Ch | "‘Wn+q—l“ ta,, HWm—q—l —W ‘
S| an+q—l - an—l | 'HWrH-q—lH + an—lH(PT (un+q—1)7 I:)T (un—l)))
un+q —u, S| an+q—1 —Q, | 'HWn+q—1H +a, un+q—1 —U, ‘ (31)
With help of Banach limit, we obtain
W( un+q —u, ) < l//(l an+q—1 O | 'meq—lu +a,, un+q—1 —U, ‘)
S| an+q—1 e | 4 (meq—lH) + an—ll//( un+q—1 —U, D
l//( un+q —u, ) S| P R 2] | "//(meq—lu) + an—l‘/j( un+q—l —U, ‘) (32)

Due to boundedness of set E, there must exists a constant L >0 such that |Ju]|< L for each u eE.
From inequality (3.2), we obtain the following inequality

| Oniga~ %y |
<———y(L). 3.3
) e v () (3.3)

u u

n+q _ “n

v
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From condition (a) of theorem 3.1, we get

o —
Iimn_)w | n+q-1 n-1 | _ 0
1_an—l
Letting n — oo in inequality (3.2), we get
Iimn—>oo W( un+q —u, ) =0

or we can write
lim, ... v (Ju,—u,])=0 for m,ne0.
Therefore, we have
o<lim_ influ, —u <y (Ju,-u,[)=0, (3.4)
and hence, there must be a monotonically increasing sequence {n, }such that

lim, Humk —u, =0, mnell. (3.5)

So, {u, } is a Cauchy sequence, therefore, there exists some u” such that

*

u, =u. (3.6)

k—o ~n,

lim

Condition (b) of theorem 3.1 implies that u” € E.Now, we show that {u_} converges to u” and
u” e F(T). Using inequality (3.1), we get

<|u

u u

n+q _ “n

n+q-1" U ‘_’_ | Qg1 Oy | "‘Wn+q—1“ (37)

With the help of condition (a) of theorem 3.1, we can write Zl @y qa — Oy <0 and applying

lemma 23 in inequality (3.7), lim

u

neq —Up|l€Xists.  From  equation  (3.5),

lim, Humk —u, (=0, m,nell.Therefore,

lim —U,[[=0for m,nell.

m,n—o ”um

Hence, {u,} is a Cauchy sequence and using (3.6), we can write
lim _u =u. (3.8)

n—o0 n

Now, we establish that u” is a fixed point of T. Let w™ e P, (u")
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Hu* —W*H = Hu* —-u, +u, —W*‘

*

<[u” =, |+ Ju, —w

SHu*—un

+|

o, W, —W H

sHu — U, ||+t W,y — W - (-, )W H

+|

sHu —-u, +an_1HWn_1—W H+(l—0{n_l)HW

-t HP (U, ), Py (U) + (L) [

sHu*—un

éHu*—un unfl—u*H+(1—anfl)Hw*H

+a,,

Using equation (3.8) and condition (a) of theorem 3.1, taking n — oo in above inequality, we get
Jlu"=w’|[=0, thatis, u” =w". Since w" e P;(u") was arbitrary, therefore, P, (u") ={u’} which

implies that u” is a fixed point of T.

Corollary 3.2. Suppose E=#¢ is a bounded, closed subset of sequence space ¢* and
T:E — P(E) is a multivalued mapping such that P, is a nonexpansive mapping. If there is a

o —
sequence {«.} in [0,1) satisfying lim _  «, :1,Z|”1+q—”|<oo, for all n,qel such that
-
a,ueEfor ueE. Then

(@) T has atleast one fixed point in E
(b) take u,,, =, ,w,,where w_  eP;(u,) then the sequence {u,} converges to a fixed point

of T.

Theorem 3.3. Suppose E # ¢ is a bounded subset of sequence space ¢ and T:E - P(E) is a
multivalued mapping such that P, is a nonexpansive mapping. If the following two conditions
hold:

(a) there is some u,eE and a sequence {«,} in [01) satisfying
- |an+q _an |
lim,_, «, :1’21— <oo, forall n,q el such that (1-e, )u, +a,ucEfor ueE
-
(b) if {u,}is asequence in E and lim,_, u, =u"then u"cE
Then,

() T has atleast one fixed point in E
(i) take u,,,=(0-,)u,+a,w,, where w, eP;(u,) then the iterative sequence {u,}

converges to a fixed point of T.
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Proof. Suppose u, €E and taking u, ., =(1-¢,)u, +o,w,, where w, eP;(u,)and {«,} is a
sequence in [0,1) which satisfies condition (a) of theorem 3.3 which implies u,,, e E. Now we
prove that {u,} has a convergent subsequence {u, }.

As P, is a nonexpansive mapping, therefore for all n,q el , we get

un+q - un = H(l_ an+q—1)u0 + an+q—1Wn+q—l - (1_ anfl)uo - anflwnfl
= H(an—l - an+q71)u0 + an+q—lwn+q—l —0 W, + CZn—lwnJrq—l - an—lwmq—lu
S| Ay~ an+q—1 | '||U0||+ | an+q—l — 0, | ‘ Wn+q—l” +a,, Wn+q—1 —Wo,
S| an+q—1 - an—l | (”uo ” + ‘ Wn+q—1H) + an—lH(PT (un+q—1)’ I:>T (un—l)))
un+q —u, S| an+q—l —Q,, | (”uO” + ‘ Wn+q—1”) +ta,, un+q—1 —U, (39)

With help of Banach limit, we obtain

W( un+q —u, ) < W(l an+q—1 Q. | (”uO” +‘Wn+q—lu)+ a, un+q—1 —U, )
<| Qg ~ g |W(”uo”""Wn+q4”)+0‘n4‘/’( Upigr —Una )
l//( un+q —Uu, ) S| an+q—1 0 | l//(”uO” + ‘ Wn+q—l”>+ an—lW( un+q—l —U, ) (310)

Due to boundedness of set E, there must exists a constant L >0 such that |Ju||< L for each u eE.
From inequality (3.10), we get the following inequality

| T R L] |
<—————w(2L). 3.11
) G (3.11)

u u

V/( n+q _ “n

From condition (a) of theorem 3.3, we get

(04 —-Q
“mn_mMZO-
1_an—l
Letting n — oo in inequality (3.11), we get
Iimn—>oo W( un+q _un ):0

or we can write

lim, .. v

(Juy —u,])=0for mnel.

Therefore, we have
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o<lim_ influ, —u <y (Ju,-u,[)=0, (3.12)
means there must be a monotonically increasing sequence {n, }such that

Ilmk»oo Humk _unk

=0, mnell. (3.13)
So, {u, } is a Cauchy sequence, therefore, there exists some u” such that
lim,, u, =u". (3.14)

Condition (b) of theorem 3.3 implies that u” € E.Now, we show that {u_} converges to u” and
u” e F(T). Using inequality (3.9), we get

u u

n+q _ “n

<|u

unfl

+ | an+q—1 —0h | (”uO” + Wn+q—l ‘) (315)

n+q-1 "

With the help of condition (a) of theorem 3.3, we can write Zl Qyqa — Oy <0 and applying
lemma 2.3 in inequality (3.15), lim,_

u

neq — Up|l€Xists.  From  equation (3.13),

lim, Humk —u, =0, m,nell.Therefore,

lim U, —U,|=0formnel.

m,n—o ||

Hence, {u,} is a Cauchy sequence and using (3.14), we can write

*

lim__u =u. (3.16)

n—oo n
Now, we show that u” is a fixed point of T. Let w™ e P, (u")
Ju™ = w = o =, +u, —w

s”u*—un +

u, —w’|

s”u*—un

+ H(l_ an—l)uo + an—an—l - W*H

s”u*—un

+ H(l— a, U, +a, W, —a W —(1- aH)W*H

s”u*—un

+a,,

Wy~ W*H + (1_ an—l)

Juo —w|

s”u*—un

+ oty H(Pr (U ), Pr(U) + @ty ) Jup —w|

s”u*—un

+a, ,|u,, - u*H+ (1—0:n_1)Hu0 —W*H

Using equation (3.16) and condition (a) of theorem 3.3, taking n — o in above inequality, we get
|lu"=w| =0, thatis, u”=w". Since w" P, (u") was arbitrary, therefore, P, (u")={u’} which

that implies that u” is a fixed point of T.
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Corollary 3.4. Suppose E=#¢ is a bounded, closed subset of sequence space ¢* and
T:E — P(E) is a multivalued mapping such that P; is a nonexpansive mapping. If there is some

. . . . |0{n+ —a, |
u, € Eand a sequence {«,} in [0, 1) satisfying lim o, =1,Zlq— <oo, forall n,qe’
—
such that (1-er,)u, +o,ucEfor ueE. Then

(@) T has atleast one fixed point in E
(b) take u,,, =(1-a,)u, +,w,where w_ eP,(u,) then the sequence {u,} converges to a

fixed point of T.

Corollary 3.4. If E=¢ is a bounded, closed and convex subset of sequence space ¢~ and
T:E — P(E) is a multivalued mapping such that P, is a nonexpansive mapping then T has a
fixed point.

4. Numerical Examples
In this section, we provide illustrative examples to support our results.

Example 4.1. Consider aset E =[0,1]. Let T:E — P(E) be a multivalued mapping defined as:
u
T(u)=|0,—|.
w-|03]

Clearly. E is bounded closed set. Define a sequence ¢, =1—ﬁwe have {¢,} is a sequence
n+

in [0,1) which satisfies the following conditions for all n,qel] :
@ lim__ o =1

n—o0 n

- |an+q n|

i — <
i X o
(i) oaueEforall uekE.

As P, (u) ={u}for ueF(T) and if ug F(T)={0} then
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Pr(u)=qveT(u):|u-v|=d(u,Tu) = d( {0 ED}

=3

=<veT(u):u- V—E} because u>vVveT(u) where ue(0,1]

PT(U) = {V :E}

Now, we show that P; is nonexpansive mapping forall ueE. Let ueE

{
{v eT(u):Ju-v|=
{

H(PT(u),PT(p*»=H(g,p*H%—p* <lu-p’|

Above inequality establish that P, is nonexpansive mapping for all u eE.

As all the conditions of corollary 3.2 are satisfied, therefore there is atleast one fixed point of T.
Now with the help of an iterative algorithm, we compute the fixed point of T. Taking u, =1and

un+l = aan "

u=3.1y 21,321,321 ,_n+l 1
P 227 3227t 822" 5247 " 2n 2™
Tanking n — oo, we get lim,__,_u, =0, which is the fixed point of T.

Example 4.2 Consider a set E =[0,4]. Let T:E — P(E) be a multivalued mapping defined as:
u+2
T(u)={0,—
=072

Clearly, E is bounded closed set. Define a sequence ¢, =1—Ll we have {¢,} is a sequence in
n+

[0, 1) which satisfies the following conditions for all n,q e[l :
@ lim__ o =1
.. |an+q —“%n |
i — <

(i Z 1-a, *

(i)  (-ea,)u,+aqueEforall ueE

As P, (u) ={u}for ueF(T) and if ueF(T)=[0,2] then
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P, (u)= {v eT(u):Ju—v]=d(u,Tu)= d(u{ou—;zD}
={VGT(U)Z”U—V“= ‘}

={VET(U)ZU—V=U—;2} because u>vVvveT(u) where ue(0,1]

u+2
PT(U):{V: 2 }

u+2
u_—

2

Now, we show that P; is nonexpansive mapping forall ueE. Let ueE

u+2

H(Py (u). P, () = H[”—*z,p*)= W2y

2

< ‘u — p*‘.
Above inequality establish that P, is nonexpansive mapping for all u eE.

As all the conditions of corollary 3.4 are satisfied, therefore there is atleast one fixed point of T.
Now with the help of an iterative algorithm, we compute the fixed point of T. Taking
u, =1€[0,4]and u,,, =(1-a,)u, +a,W,.

Pr(u,) = 1+2 = 1+1 and wlePT(ul):>w1:1+1
2 2 2
Then u, =(1-e,)u;, + W, so we have
3 1 3 1
—=—t—<=42
2 2 4 2

2-1<u,<=+2

1(5 5 5
Pr(u,) :{E[Z+Zj} :{1+§} and w, e P;(u,) = w, =l+§

Then u, =(1-a,)u, +a,W,, So we have

-E:l+ l+i <1+2
8 3 12) 3

+
w|nN

:>2—z<u3 <l+2
3 3
1(17 17 17
P (u,) :{E(E”j}:{“ﬂ} and w, e P (u;) = w, =1+£
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Then u, = (1-a,)u; + a,W,, so we have

=2-—<U,<—+2
2 4

1(49 49 49
P;(u,) ={E(§+2j}={l+a}and w, P (u,)=>w, =1+a

Then u, =(1-a,)u, +a,w,, so we have

=>2-—<Ug<—-+2
5 5

and so on

Therefore, lim

2—g<un<l+2,VneD.
n n

=2¢[0,2].

n—aoo un
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