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Abstract

The notion of rnp-open sets in nano topological spaces is introduced.Some properties and
characterizations of rnp-open sets are established. Also,a new class of continuity called rnp-
continuity is introduced and its properties are investigated.
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1. Introduction

M.L.Thivagar and C.Richard[7] initiated the study of nano topology by using theory approximation

and boundary region of a subset of an universe in terms of an equivalence relation on it. They have
also defined nano-interior and nano-closure in a nano topological spaces. In this paper,we introduce
and study a new class of sets called rnp-open sets. Also,some properties of rnp-continuous functions
are obtained.

2. Preliminaries

Definition 2.1[4] Let U be a non-empty finite set of objects, called the universe, and R be an
equivalence relation on U named as the indiscernible relation. The pair (U,?R) is said to be the
approximation space. Let Y < U.

(i) The lower approximation of Y with respect to R is Lz(Y)= U {RY):R(Y) €Y}

yeU

where R(y) denotes the equivalence class determined by y € U.

(i1) The upper approximation of Y with respect to R is Hx(Y)= U {RY):RY) NY£0}.

yeU

(iii) The boundary region of Y with respect to R is Bx(Y) = Hxr(Y)/Lx(Y).
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Definition 2.2[7] In the approximation space (U,3R),let X < U. Then

Sxr(X)=R"={U,0,Lx(X),Hx(X),Bx(X)} forms a topology on U and it is called as the nano topology
with respect to X. The pair (U,XT) is called nano topological space.

Elements of XT are known as the nano open(briefly,n-open) sets and the relative complements of
nano open sets are called nano closed(briefly,n-closed) sets.

Throughout this paper,the word ”"NTS” mean an arbitrary nano topological space (U,XT).

Let M1 € U, then Xcl(M1) = N{G: M1 & G and G°eJx(X)} is the nano closure of M1 and Xint(My)
=U{H:H S Mz and H € 3x(X) } is the nano interior of M.

Definition 2.3[3,5,7] A subset M1 in (U,RT) is said to be:
(1) nano b-open(briefly,nb-open) if M1 & Rel(Xint(M31)) U Rint(Xcl(My)),
(i) nano preopen(briefly,np-open) if M1 < Rint(Xcl(M.)),
(iii) nano regular open(briefly,nr-open) if M1 = Kint(Xcl(My)),
(iv) nano a-open(briefly,na-open) if My & Kint(Xcl(Rint(M.))).
(iv) nano semiopen(briefly,ns-open) if M1 & Xcl(Xint(M1),
(v) nano B-open(briefly,np-open) if My & Rcl(Rint(Xcl(M1))).
The complements of the above respective open sets are their respective closed sets.

The family of all n-open(resp.,n-closed,np-closed,np-open, nb-open and nb-closed) sets of (U,RT) is
denoted by XO(U)(resp.,XC(U), XPC(U) (resp.,XPO(U), XBO(U) and XBC(U)).

Theorem 2.4 If M1 and M be any subsets in (U,XT).Then:
(1) M1 N Rel(M2) € KRel(M1 N My) if My is n-open.
(2)Rint(M1 U M2)S M1 U Rint(My) if M2 is n-closed.
Definition 2.5[1] If K is a subset in (U,XT),then:

Xpcl(K)= N{B:B° X" such that K < B}

XpInt(K)= U {G: Ge X" such that G < K}

Theorem 2.6 For a subset K in (U,XT),

(i) Xpcl(K) is the smallest np-closed superset of K and Xpint(K) is the largest np-open subset of K.

(if) K is np-closed if and only if K = Xpcl(K) and K is np-open if and only if K = Xpint(K).
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Theorem 2.7[3] For a subset K in (U,X"),
(i) Xbcl(K) is the smallest nb-closed superset of K.
(if) K'is nb-closed if and only if K = Xbcl(K).
Definition 2.8[2, 3] A function £:(Uz, In(X) )) — (U2, Jnx(Y)) is called:
(i) np-continuous if £1(K) € RPO(U1) for every KEIs-(Y),
(i) nb-continuous if £1(K) € XBO(U1) for every KEJsn(Y).
3.More properties of nano pre-closed sets:

In this section,we give additional results on np-open and np-closed sets which would be useful in our
later section.

Theorem 3.1 Ina NTS (U,R7),let MSU.Then:

(1) Xpcl(M) = M U Xcl(Rint(M)).

(2) ®scl(M) =M U Rint(Xcl(M)).

(3) Xbcl(M) = M U [Rel(Rint(M)) N Rint(Xcl(M))].

Proof:(1)Since Xpcl(M) is np-closed,

Xel(Rint(M)) € Xel(Rint(Rpcl(M)) = KXpcl(M).......... 0]

On the otherhand we have

Xel(Rint(M U Xel(XRint(M))) € Xel(Rint(K) uRcl(Rint(M))) by Theorem 2.17
= Xel(Rel(Xint(M)))
= Xcl(Rint(M))
c M U Xel(Rint(M)......(1)

Therefore M U Xcl(Xint(M) is a np-closed superset of M it follows that

Rpl(M) SM U Kel(Rint(M)........(11)

By (1) and (11),Xpcl(M) = M U Xcl(Rint(M)).

The other results can be proved similarly.

Corollary 3.2 Ina NTS (U,X"),let MCU.Then:

(1) Rpint(M) = M N Rint(Ncl(M)).
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(2) Rsint(M) = M N Kcl(Nint(M)).
(3) Rpint(M) = M N [Rint(Xcl(M)) U Rel(Rint(M))].
Theorem 3.3 In a NTS (U,RT),let MC U.Then:
Xint(Xcl(Xpcl(M))= KRint(Xcl(M)).
Proof: We have Xint(Xcl(Xpcl(M)) = Rint(Xcl(M U Xcl(Xint(M))))
= Rint(Ncl(M) U Xel(Rint(M)))
= Rint(Xcl(M))
Theorem 3.4 In a NTS (U,X"),let MCU.Then Rpint(&pcl(M)) = &pcl(M) N Rint(Xcl(M)).
Proof: We have Xpint(Xpcl(M)) = Kpcl(M) N Kint(Xcl(Xpcl(M))
By Theorem 3.3, Xpint(Xpcl(M)) = Xpcl(M) N Xint(Xcl(M)
Theorem 3.5 [3]In a NTS (U,X"),let MSU.Then Xbcl(M)) = &pcl(M) NRscl(M)).
Theorem 3.6 In a NTS (U,RT),let MC U.Then Xpint(Xpcl(M)) = Xpint(Xbcl(M)).

Proof: By Theorem 3.4,we have Xpint(Xpcl(M))= Xpcl(M) N Kint(Xcl(M)

N

Xpcl(M) N (M U Kint(Xcl(M)).

= Xpcl(M) N (Xscl(M)).

= Kbcl(M).
Therefore, Xpint(Xpcl(M)) € Xpint(Xbcl(M)) and reverse inclusion is obvious
Definition 3.7 [6] A subset K in (U,RT) is said to be nano dense if Xcl(K)=U
Theorem 3.8 In a NTS (U,RT),every nano dense set is np-open but not conversely.
Proof:Let K be any nano dense set in (U,XT) Then Xcl(K)=U. This implies
that Xint(Xcl(K))=U so that K < Rint(Xcl(K)). Hence K is np-open.
Example 3.9 Let U = {c1,c2,c3,c4} with U\R= {{c1}, {cs}, {c2,ca}} and let X = {c1,c2},
KT ={U, ¢, {c1}, {c1,c2,c4}, {C2,Ca}}.Then the set {c1} is np-open but not nano dense.

4.Nano regular pre-open sets:

Definition 4.1 A subset H in (U,RT) is said to be:

(i)regular nano preopen(briefly,rnp-open) if H = Xpint(Xpcl(H)),
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(if)regular nano preclosed(briefly,rnp-closed) if H = Xpcl(Xpint(H)).
The family of all rp-open(resp.,rnp-closed) sets of (U,XT) is denoted by RXPO(U) (resp.,RRPC(U)).
Theorem 4.2 In a NTS (U,XT),the following hold for any M1,M; € U:
(i) If M1 © Mg, then Rpint(Xpcl(My) € Rpint(Xpcl(Mz2)).
(ii) If M1 is np-open, then M1 € Xpint(Xpcl(My)).
(iii) If My is np-closed, then Xpcl(Xpint(M1)) € M.
(iv) Rpint(Xpcl(My)) is rnp-open.
(V) If My is np-closed, then Xpint(Mz) is rnp-open.
(vi) If My is np-open, then Xpcl(My) is rnp-closed.
Proof:(i)Obvious.
(ii) Let M1 be nano preopen and since M1 € Xpcl(M3),then M1 € Xpint(Xpcl(My)).
(iii) Let M1 be np-closed and since Xpint(M1) € My,then Xpcl(Xpint(M1) € M.
(iv) We have Xpint(Xpcl(Xpint(Xpcl(My)) € Xpint(Xpcl(Xpcl(M1)) = Xpint(Xpcl(M1)
and KXpint(Xpcl(Xpint(Xpcl(My))) 2Rpint(Xpint(Xpcl(M1)) = Xpint(Xpcl(My).
Hence Xpint(Xpcl(Xpint(Xpcl(M1))) = Xpint(Xpcl(M1). Hence Xpint(Xpcl(M1)) is rnp-open.
(v) Suppose that M1 € XPC(U). By (iii), Xpint(Xpcl(Xpint(My)) € Xpint(My).
On the other hand, we have Xpint(M1) € Xpcl(Xpint(M1) so that
Xpint(M1) € Rpint(Xpcl(Xpint(M1)). Therefore Xpint(Xpcl(Xpint(My))=Rpint(My).
This shows that Xpint(My) is rnp-open.
(vi)Similar to (v).
Theorem 4.3 In a NTS (U,RT),every rp-open set is (i) np-open, (ii)nb-open, (iii)np -open,
(iv) nb-closed.
Proof:(i)If K is rnp-open, then

K = Xpint(Xpcl(K) = Xpcl(K) N KRint(Xcl(K)) € Rint(Xcl(K)).
Hence K is np-open.
(if)Let K be rnp-open, then K = Xpint(Xpcl(K)

= Xpcl(K) N Rint(Xcl(K))
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C Nint(Xcl(K))
C Nint(Xcl(K)) U Xel(Rint(K)).
Hence K is nb-open.
(iii) If K'is rnp-open, then K = Xpint(Xpcl(K)
= Rpcl(K) N Rint(Xcl(K))
c Rint(Xcl(K))
< Rel(Rint(Xcl(K))).
Therefore, K is n-open.
(iv) Let K be rnp-open, then K= Xpint(Xpcl(K)
= Xpcl(K) N Kint(Xcl(K)
= [KU Rcl(Rint(K)] N KRint(Xcl(K)
= [KNRint(Rel(K)] U [Rel(Rint(K) N Rint(Xel(K)]
=K U [Rel(Rint(K) N Rint(Xcl(K)] since K is np-open
= RbI(K)
Hence K is nb-closed.

The following Example shows that every np-open(hence nb-open and nfB-open) set need
not be a rnp-open set.

Example 4.4 The set {c1,c2} in Example 3.9 is np-open but it is not rnp-open.
Theorem 4.5 In (U,RT),every nr-open set is rnp-open but not conversely.

Proof:Let K be any nr-open set. By Theorem 3.4, Xpint(Xpcl(K) = Xpcl(K) N Xint(Xcl(K))
= Xpcl(K) N K =K. Hence K is rnp-open.

Example 4.6 The set {c2} in Example 3.9 is rnp-open but it is not nr-open.
Definition 4.7 A NTS (U,X") is called nano partition if NO(U) = NC(U).
Theorem 4.8 Let (U,RT) be a a nano partition space, then every np-open set is rnp-open.

Remark 4.9 The class of rnp-open sets is not closed under finite union as well as finite intersection
as shown in Example 4.10.

Example 4.10 Consider (U,XT) as in Example 3.9.

Here {c1} and {c2} € RXPO(U) but {c1} U {c2} = {c1,c2} € RRPO(V).
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Moreover, {c1,c2,c3} and {c1,c3,c4} € RRPO(U) but {c1,c2,c3} N {c1,C3,C4} =
{c1,c3} € RRPO(U).
Theorem 4.11 Let K be a np-closed in (U,XT),then K is np-open if and only if K is rnp-open.
Proof: Let K be a np-open set and by hypothesis,K is np-closed. Then K = Xpint(K) and
K = Xpcl(K). Therefore,Xpint(Xpcl(K)) = Xpint(K) = K. Hence K is rnp-open.
Other part follows from the Theorem 4.3(i)
Theorem 4.12 For a subset K in (U,RT),the following statements are equivalent:
(K is rnp-open;
(ii) K is np-open and nb-closed.
Proof:(i) — (ii):From Theorem 4.3(i,iv).
(it) = (i):Let K be both nb-closed and np-open. Then K = Xbcl(K) and K = Xpint(K).
By Theorem 3.6, Xpint(Xpcl(K)) = Xpint(Xbcl(K)) = Xpint(K) = K. Hence K is rnp-open.
Definition 4.13 [6] A NTS (U,X") is called nano submaximal if every nano dense subset of
U is n-open
Theorem 4.14 The following are equivalent for a NTS (U,R"):
(i) (U,X") nano submaximal;
(i) RPO(U)=RO(V).
Proof: (i) — (ii):Let K & U be np-open. Then K & Xint(Xcl(K) = M,say.
This implies Xcl(M) = Xcl(K), so that
(Rel((UWM) U K) = Xel(U\M) U Rel(K)
= Xcl(U\M) U Xcl(M)
= U and thus (U\M) U K is nano dense in U.

By (i), (UWM) U K is n-open. Now, K = ((U\M) U K) N M which is n-open.

(if) = (i): Let K be a nano dense subset of U. Then Xint(Xcl(K) = U, then K = Xint(Xcl(K)

and K is np-open and hence by (ii), K is n-open.
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Theorem 4.15 If a NTS (U,X") is nano submaximal, then any finite intersection of np-open sets is
np-open.

Proof:Obvious since XO(X) is closed under finite intersection.

Theorem 4.16 If a NTS (U,X") is nano submaximal, then any finite in tersection of rnp-open sets is
rnp-open.

Proof: Let {Aiii=1,2,...n} be a finite class of rnp-open sets. Since the space (U,RT) is nano
submaximal, then by Theorem 4.15, we have ﬂ A, € XRPO(U). By Theorem 4.2(ii),

i=1

] A S Rpint(Xpcl([] A;). For each i, we have [| A; S Ai and thus Rpint(Xpcl([] A;) S

i=1 i=1 i=1 i=1

Xpint(Xpcl(Ai) = Ai as Xpint(Xpcl(Ai) = Ai. Therefore Npint(Npcl(ﬂ A)C ﬂ A..

i=1 i=1

n
In consequence, ﬂ A, isrnp-open in U.
i=1

Theorem 4.17 If (U,RT) is nano partition, then the arbitrary union of rnp-open sets is rnp-open.
Proof: It follows from the Theorem 4.8

Definition 4.18 A subset M in (U,XT) is called nano g-open if Rint(&cl(M)) < Rcl(Rint(M)).
Theorem 4.19 In a NTS (U,RT),every ns-open set is nano e-set but not conversely.

Proof:Let K be a ns-open set, then K = Xcl(Rint(K)) — Kint(Xcl(K)) & Xcl(Rint(K)).

Hence K is nano &-Set.

Example 4.20 The set {cs} in Example 3.9 is g-set but it is not ns-open.

Theorem 4.21 In a NTS (U,RT),every ns-closed set is nano &-set but not conversely.

Proof:Let K be ns-closed,then Rint(Xcl(K)) & K. Therefore Xint(Xcl(K)) S Xcl(Rint(K)). Hence K
is nano &-Set.

Example 4.22 The set {c1,c3} in Example 3.9 is nano &-Set but it is not ns-closed.
DIAGRAM
nr-open — no-open — Nns-open — nano e-set

l \ !

rnp-open — np-open — nb-open
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Remark 4.23 The notions of nano &-sets and rnp-open(hence np-open,nb-open)sets are independent
of each other.
Example 4.24 Let (U,X") be a NTS as in Example 3.9. Then {cs} is nano e-set but not a
nb-open set and the set {c1} is rnp-open but it is not a &-Set.
Theorem 4.25 The following are equivalent for any subset K in (U,XT):
(i) K 'is ns-open;
(ii) K 'is both nb-open and nano &-set.
Proof: (i) — (ii):Obvious
(if) = (i):Let K be both nb-open and nano e-set.
Xint(Xcl(K)) N Xel(Rint(K)) € K and Xint(Xcl(K)) € Xcl(XRint(K)).
Then Rint(Xcl(K)) € K and hence K is ns-open.
Theorem 4.26 The following are equivalent for any subset K in (U,XT):
(i) K'is nr-open;
(ii) K'is rnp-open and nano &-set.
Proof: (i) — (ii):Obvious
(if) = (i):Let K be rnp-open and nano &-set. Then,by Theorems 3.1 and 3.4,
we obtain K = Xpint(Xpcl(K))
= (K U Rel(Rint(K)) N Kint(Xcl(K))
= (K N Rint(Xcl(K)) U (Rel(Rint(K)) N Xint(Xcl(K)))
= (K N XRint(Xcl(K)) U Rint(Xcl(K))
= Nint(Xcl(K))
Therefore, K = XRint(Xcl(K)) and hence M is nr-open
Definition 4.27 In (U,X7),let M < U.

(1)The rnp-interior of M, denoted by int¥(M) is defined as
N
int (M)= U{K:K € Mand M € RRPO(U) };
rp

(2)The rnp-closure of M, denoted by cl¥p(M) is defined as
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h
cl (M) =N{F:MC Fand F e RRPC(U) }.
rp

Theorem 4.28 In (U,RT),let M S U.Then the following hold:
N

Q) intN(M) CMC cl (M).
p rp

N
(i) If M is rnp-open(rnp-closed),then intX,(M) = M(resp, Clrp(M) =M).

Corollary 4.29 If in addition (U,X") is nano partition,then the converse of Theorem 4.28(ii)
is true.

5.rnp-continuous function:

In this section, the concept of rnp-continuity and their properties are investigated.
Definition 5.1 A function £:(Uz, S»(X)) = (U2, In*(Y)) is said to be rnp-continuous

if ¢1(H) is rnp-open in (U1, Ix(X) ) for each H € Ix*(Y).

Example 5.2 Let Uz = {d1,d>,d3,ds} with U1\R= {{d1}, {d3}, {d>,ds}}

and let X = {d1,d2} , In(X) ={U1, ¢, {d1}, {d1,d2,ds}, {d2,d4}}.

Then nano rnp-open sets are Us, ¢, {d1},{d>},{ds},{d2,ds},{d1,d2,d3},{d1,d3,d4}.

Let Uz = {e1,e2,3,e4} with U2\R= {{e1,e3}, {e3}, {es}} and let Y = {e1,e2},

Inx(Y) ={U2, ¢, {e2}, {e1,e2,e3}, {e1,e3}}.

Define h: (U1, In(X) ) — (U2, Inx(Y)) as h(di) = e1, h(d2) = e2, h(ds) = es= h(da).
Then hi({e2}) = {d2}, h''({e1,e2,€3}) = U1 and h'({e1,e3}) = {d1,d3,ds} and hence

h is rnp-continuous.

Theorem 5.3 A function £: (U1, In(X) ) — (U2, Inx(Y)) is rnp-continuous if and only if
(D) is mp-closed in (U1, Ix(X)) for every D € XRC(Uy).

Proof: Let D € XC(U.), then U,\D € RO(U2). Since ¢ is rnp-continuous,

£1(U2\D) = Ui\ £1(D) is rnp-open in Us. Therefore, £1(D) is rnp-closed in (U1, Ix(X)) .
Conversely,let K € 8O(U>),then (U2\K) € XC(U). By assumtion,

£1(U2\K) = U1\ €(K) is rp-closed in U1 which implies ¢™(K) is rp-open in Us.
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Therefore, £ is rnp-continuous.

Remark 5.4 The following implications hold and none of its implications is reversible.
rnp-continuity — np-continuity — nb-continuity.

Example 5.5 Consider (Ug, Ix(X) ) and (Uz, In*(Y)) as in Example 5.2.

Define h : (U, In(X) ) — (U2, Inx(Y)) as h(d1) = e1, h(d2) = e3, h(ds) = e4 and

h(ds) = e2. Then h'({e2}) ={ds} h'({e1,e2e3}) = {d1,d2,d3} and h({ei,es}) = {d1,d2}. Therefore, h
is np-continuous(hence nb-continuous) but there exists {e1,es} € Jx*(Y) such that h'({ei,es})=
{d1,d>} € RRPO(U). Hence h is not rnp-continuous.

Theorem 5.6 The following statements are equivalent for a function
€: (Ug, In(X)) = (U2, Inx(Y)) where (U, Ix(X)) is nano partition:

(i) € is rnp-continuous;

(i)For each B = Uy, cl:)((E—l(B)) C ¢ Y(Xcl(B));

(iii)For each A < Uy, &( cl:)((A)) < Xcl(L(A));

(iv)For each B = Uy, £(Rint(B)) < int¥y(L(B)).

Proof:(i) — (ii): Let B = Uzand since Xcl(B) € XC(Uz). Then by (i),

¢1(Rcl(B)) € RRPC(U1) which implies cl:{p(E'l(B)) - cl:zp(E'l(Ncl(B))): ¢ L(Rel(B).
(ii) — (i): Let M € RC(U).Then by (ii), cl:)(ﬁ'l(M)) C ¢Y(kel(M)) = £1(M)  which implies

Y
cl (€1(M)) = £}(M) and since U; is nano partition, then by Corollary 4.29, £1(M) is rp-closed in
rp
Ui

(i) — (iii): Let A S U1Then ¢(A) S U, By (ii), we get 0}(Rcl(£(A)) 2 cl:)(li‘l(E(A))) )
cl:)(A). Therefore, {’(cl:(A)) C (Y RCI(L(A)) S Rel(L(A)).

(iii)— (iv): Let B < Uz and £*(B) < Us. Then by (iii),

#(clN(E'l(B)) < Rel(0(CY(B)) < Rel(B) — cl:)(ﬁ'l(B)) < 04(Rcl(B)).

rp
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(if) — (iv): Replace B by U,\ B in (ii), we get Cl:)(E'l(Uz\B)) C ¢Y(Rel(U2\B)).

It implies that cl:)(Ul\ Y(B)) S 1(U\Rint(B)).

Therefore, LY(Rint(B)) S int:)(E'l(B)) for each B  Us..

(iv) — (i): Let B € RO(U2).Then, ¢"{(B) = 0(Rint(B)) < int:(ﬁ'l(B) which implies

N
int (C1(B) = £1(B) and since (U1, Ix(X) ) is nano partition then by Corollary 4.29,
rp

¢Y(B) is rnp-open in U1.
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