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ABSTRACT 

The binary quadratic Diophantine equation represented by the negative pellian 5410 22 −= xy  is 

analysed for its non-zero distinct solutions. A few interesting relations among the solutions are given. 

Further, employing the solutions of the above hyperbola, we have obtained some second order Ramanujan 

numbers and solutions of other choices of hyperbolas, parabolas. 
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INTRODUCTION: 

The binary quadratic equations of the form  122 += Dxy  where D is non-square positive integer has 

been selected by various mathematicians for its non-trivial integer solutions where D takes different 

integral values[1-4]. For an extensive review of various problems, one may refer [5-10]. In this 

communication, yet another interesting equation given by 5410 22 −= xy  is considered and infinitely 

many integer solutions are obtained. A few interesting properties among the solutions are presented. 

METHOD OF ANALYSIS: 

The negative pell equation representing hyperbola under consideration is 

5410 22 −= xy                                                                                             (1) 

The smallest positive integer solutions of (1) are,  .6,3 00 == yx  

Consider the pellian equation 110 22 += xy                                                                       (2) 

The initial solutions of (2) are  .19~,6~
00 == yx  

The general solution )~,~( nn yx  of (2) is given by 
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Applying Brahmagupta lemma between ( )00 , yx  and ( )nn yx ~,~ , the other integer solutions of (1) are 

given by    nnn gfx
10

3

2

3
1 +=+  

nnn gfy
10

15
31 +=+ . 

The recurrence relations satisfied by the solutions x and y are given by 

038 123 =+− +++ nnn xxx  

038 123 =+− +++ nnn yyy . 

Some numerical values satisfying (1) are given in the table below: 

Table 1: Numerical values 

n xn yn 

0 3 6 

1 93 294 

2 3531 11166 

3 134085 424014 

From the above  table 1, we observe some interesting relations among the solutions which are presented 

below: 

• xn is always odd and yn is always even. 

• One can generate second order Ramanujan numbers choosing x and y values suitably. A few 

illustrations given below. 

Illustration 1: 

x1 = 93 

= 1 * 93 = 3 * 31 

= 472 - 462  = 172 - 142 

  472 + 142 = 172 + 462 = 2405 

Thus, 2405 is a second order Ramanujan number. 

Illustration 2: 

x2 = 3531 

= 3531 * 1 = 3 * 1177 = 11 * 321 = 33 * 107 

= 
22222222 377015516658759017651766 −=−=−=−  

Now, 

2222 58759017651766 −=−  
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346332517655905871766 2222 =+=+  

2222 15516617651766 −=−  

314278117651661551766 2222 =+=+  

2222 377017651766 −=−  

3120125176570371766 2222 =+=+  

2222 155166587590 −=−  

372125587166155590 2222 =+=+  

2222 3770587590 −=−  

3494695877037590 2222 =+=+  

2222 3770155166 −=−  

289251557037166 2222 =+=+  

Also, 

( ) ( ) ( ) ( ) 1385330011773135311177313531

1177*31*3531

2222
=++−=−++

=
 

( ) ( ) ( ) ( ) 1257112432111135313211113531

321*111*3531

2222
=++−=−++

=
 

( ) ( ) ( ) ( ) 1248050010733135311073313531

107*331*3531

2222
=++−=−++

=
 

( ) 1488500)32111()11773()32111(11773

321*111177*3

2222
=++−=−++

=
 

1397876)10733()11773()10733()11773(

107*331177*3

2222 =++−=−++

=
 

115700)10733()32111()10733()32111(

107*33321*11

2222 =++−=−++

=
 

Thus, 3463325, 3142781, 3120125, 372125, 349469, 28925, 13853300, 12571124, 12480500, 1488500, 

1397876 and 115700 represent second order Ramanujan numbers with base numbers as real integers. 

Illustration 3: 

x2 = 3531 

= 3531 * 1 = 3 * 1177 = 11 * 321 = 33 * 107 
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Now, 

( ) ( ) ( ) ( ) 11082640117733531117733531

1177*31*3531

2222
=++−=−++

=

iiii
 

Also, 

( ) ( ) ( ) ( ) 1108264011773135311177313531

1177*31*3531

2222
−=++−=−++

=

iiii
 

( ) ( ) ( ) ( ) 12365040321113531321113531

321*111*3531

2222
=++−=−++

=

iiii
 

Also, 

( ) ( ) ( ) ( ) 1236504032111135313211113531

321*111*3531

2222
−=++−=−++

=

iiii
 

( ) ( ) ( ) ( ) 12457600107333531107333531

107*331*3531

2222
=++−=−++

=

iiii
 

Also, 

( ) ( ) ( ) ( ) 1245760010733135311073313531

107*331*3531

2222
−=++−=−++

=

iiii
 

( ) 1488240)32111()11773()32111(11773

321*111177*3

2222
−=++−=−++

=

iiii
 

Also, 

( ) 1488240)32111()11773()32111(11773

321*111177*3

2222
=++−=−++

=

iiii
 

1395680)10733()11773()10733()11773(

107*331177*3

2222 −=++−=−++

=

iiii
 

Also, 

1395680)10733()11773()10733()11773(

107*331177*3

2222 =++−=−++

=

iiii
 

113280)10733()32111()10733()32111(

107*33321*11

2222 −=++−=−++

=

iiii
 

Also, 
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113280)10733()32111()10733()32111(

107*33321*11

2222 =++−=−++

=

iiii
 

Thus, 11082640, -11082640, 12365040, -12365040, 12457600, -12457600, -1488240, 1488240, -

1395680, 1395680, -113280, 113280 represent second order Ramanujan numbers with base numbers as 

Gaussian integers. 

Each of the following expressions is a nasty number 

1. ]5449[
9

2
3222 +− ++ nn xx  

2. ]20521861[
171

1
4222 +− ++ nn xx  

3. ]95[
3

4
2222 +− ++ nn yx  

4. ]3422310[
57

2
3222 +− ++ nn yx  

5. ]12978211770[
2163

2
4222 +− ++ nn yx  

6. ]54491861[
9

2
4232 +− ++ nn xx  

7. ]3429810[
57

2
2232 +− ++ nn yx  

8. ]1898310[
3

2
3232 +− ++ nn yx  

9. ]3429811770[
57

2
4232 +− ++ nn yx  

10. ]12978372210[
2163

2
2242 +− ++ nn yx  

11. ]3423722310[
57

2
3242 +− ++ nn yx  

12. ]18372211770[
3

2
4242 +− ++ nn yx  

13. ]10831[
9

1
2232 +− ++ nn yy  

14. ]41041177[
342

1
2242 +− ++ nn yy  
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15. ]108117731[
9

1
3242 +− ++ nn yy  

Each of the following expressions is a cubical integer 

1. ]314749[
27

1
214333 ++++ −+− nnnn xxxx  

2. ]355831861[
1026

1
315333 ++++ −+− nnnn xxxx  

3. ]3155[
9

2
113333 ++++ −+− nnnn yxyx  

4. ]3465155[
171

2
214333 ++++ −+− nnnn yxyx  

5. ]3176555885[
6489

2
315333 ++++ −+− nnnn yxyx  

6. ]1475583491861[
27

1
325343 ++++ −+− nnnn xxxx  

7. ]14715495[
171

2
123343 ++++ −+− nnnn yxyx  

8. ]14746549155[
9

2
224343 ++++ −+− nnnn yxyx  

9. ]14717655495885[
171

2
325343 ++++ −+− nnnn yxyx  

10. ]55831518615[
6489

2
133353 ++++ −+− nnnn yxyx  

11. ]55834651861155[
171

2
234353 ++++ −+− nnnn yxyx  

12. ]55831765518615885[
9

2
335353 ++++ −+− nnnn yxyx  

13. ]93331[
54

1
123343 ++++ −+− nnnn yyyy  

14. ]353131177[
2052

1
133353 ++++ −+− nnnn yyyy  

15. ]353193117731[
54

1
234353 ++++ −+− nnnn yyyy  
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Each of the following expressions represent a biquadratic integer. 

1. ]162419649[
27

1
32225444 +−+− ++++ nnnn xxxx  

2. ]6156474441861[
1026

1
42226444 +−+− ++++ nnnn xxxx  

3. ]274205[
9

2
22224444 +−+− ++++ nnnn yxyx  

4. ]5134620155[
171

2
32225444 +−+− ++++ nnnn yxyx  

5. ]194674235405885[
6489

2
42226444 +−+− ++++ nnnn yxyx  

6. ]1621967444491861[
27

1
42326454 +−+− ++++ nnnn xxxx  

7. ]51319620495[
171

2
22324454 +−+− ++++ nnnn yxyx  

8. ]2719662049155[
9

2
32325454 +−+− ++++ nnnn yxyx  

9. ]51319623540495885[
171

2
42326454 +−+− ++++ nnnn yxyx  

10. ]1946774442018615[
6489

2
22424464 +−+− ++++ nnnn yxyx  

11. ]51374446201861155[
171

2
32425464 +−+− ++++ nnnn yxyx  

12. ]2774442354018615885[
9

2
42426464 +−+− ++++ nnnn yxyx  

13. ]324124431[
54

1
22324454 +−+− ++++ nnnn yyyy  

14. ]12312470841177[
2052

1
22424464 +−+− ++++ nnnn yyyy  

15. ]3244708124117731[
54

1
32425464 +−+− ++++ nnnn yyyy  

Each of the following expressions is a quintic integer: 

1. ]10490524549[
27

1
2143336555 ++++++ −+−+− nnnnnn xxxxxx  
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2. ]1018610593051861[
1026

1
3153337555 ++++++ −+−+− nnnnnn xxxxxx  

3. ]10505255[
9

2
1133335555 ++++++ −+−+− nnnnnn yxyxyx  

4. ]1015505775155[
171

2
2143336555 ++++++ −+−+− nnnnnn yxyxyx  

5. ]10588505294255885[
6489

2
3153337555 ++++++ −+−+− nnnnnn yxyxyx  

6. ]490186102459305491861[
27

1
3253437565 ++++++ −+−+− nnnnnn xxxxxx  

7. ]4905024525495[
171

2
1233435565 ++++++ −+−+− nnnnnn yxyxyx  

8. ]490155024577549155[
9

2
2243436565 ++++++ −+−+− nnnnnn yxyxyx  

9. ]4905885024529425495885[
171

2
3253437565 ++++++ −+−+− nnnnnn yxyxyx  

10. ]186105093052518615[
6489

2
1333535575 ++++++ −+−+− nnnnnn yxyxyx  

11. ]18610155093057751861155[
171

2
2343536575 ++++++ −+−+− nnnnnn yxyxyx  

12. ]18610588593052942518615885[
9

2
3353537575 ++++++ −+−+− nnnnnn yxyxyx  

13. ]31010155531[
54

1
1233435565 ++++++ −+−+− nnnnnn yyyyyy  

14. ]1177010588551177[
2052

1
1333535575 ++++++ −+−+− nnnnnn yyyyyy  

15. ]117703105885155117731[
54

1
2343536575 ++++++ −+−+− nnnnnn yyyyyy  

Relations among the solutions are given below: 

➢ 112 196 +++ += nnn xyx  

➢ 122 619 +++ += nnn xyx  

➢ 132 196721 +++ += nnn xyx  
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➢ 113 721228 +++ += nnn xyx  

➢ 123 12 +++ += nnn xyx  

➢ 133 228721 +++ += nnn xyx  

➢ 112 1960 +++ += nnn yxy  

➢ 113 7212280 +++ += nnn yxy  

➢ 213 7216019 +++ += nnn yxy  

➢ 123 672119 +++ += nnn yxx  

➢ 223 196 +++ += nnn xyx  

➢ 323 619 +++ += nnn yxx  

➢ 122 6019 +++ += nnn yxy  

➢ 123 120 +++ += nnn yxy  

➢ 223 1960 +++ += nnn yxy  

➢ 132 1960721 +++ += nnn yxy  

➢ 133 2280721 +++ += nnn yxy  

➢ 233 6019 +++ += nnn yxy  

Remarkable observations: 

Employing linear combinations among the solutions of (1), one may generate integer solutions for other 

choices of hyperbolas which are presented in table 2 below. 

Table 2: Hyperbola 

S.No Hyperbola (X,Y) 

1 2916010 22 =− XY  )49,1555( 2112 ++++ −− nnnn xxxx  

2 842140852 22 =− XY  )1861,1177( 3113 ++++ −− nnnn xxxx  

3 16252 22 =− XY  )5,2( 1111 ++++ −− nnnn yxxy  

4 11696410 22 =− XY  )2310,98( 2112 ++++ −− nnnn yxxy  

5 16842848410 22 =− XY  )211770,3722( 3113 ++++ −− nnnn yxxy  

6 583252 22 =− XY  )491861,117731( 3223 ++++ −− nnnn xxxx  

7 11696410 22 =− XY  )9810,231( 1221 ++++ −− nnnn yxxy  

8 32410 22 =− XY  )98310,9831( 2222 ++++ −− nnnn yxxy  
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9 11696410 22 =− XY  )9811770,372231( 3223 ++++ −− nnnn yxxy  

10 16842848410 22 =− XY  )372210,21177( 1331 ++++ −− nnnn yxxy  

11 11696410 22 =− XY  )3722310,981177( 2332 ++++ −− nnnn yxxy  

12 32410 22 =− XY  )372211770,37221177( 3333 ++++ −− nnnn yxxy  

13 5832025 22 =− XY  )31,49( 1221 ++++ −− nnnn yyyy  

14 8421408025 22 =− XY  )1177,1861( 1331 ++++ −− nnnn yyyy  

15 5832025 22 =− XY  )117731,491861( 2332 ++++ −− nnnn yyyy  

Employing linear combinations among the solutions of (1), one may generate integer solutions for other 

choices of parabolas which are presented in table 3 below. 

Table 3: Parabola 

S.No Parabola (X,Y) 

1 29160270 2 =− XY  )5449,1555( 322212 +−− ++++ nnnn xxxx  

2 842140852052 2 =− XY  )20521861,1177( 422213 +−− ++++ nnnn xxxx  

3 16259 2 =− XY  )95,2( 222211 +−− ++++ nnnn yxxy  

4 11696410171 2 =− XY  )3422310,98( 322212 +−− ++++ nnnn yxxy  

5 168428484106489 2 =− XY  )12978211770,3722( 422213 +−− ++++ nnnn yxxy  

6 5832554 2 =− XY  )54491861,117731( 423223 +−− ++++ nnnn xxxx  

7 11696410171 2 =− XY  )3429810,231( 223221 +−− ++++ nnnn yxxy  

8 324109 2 =− XY  )1898310,9831( 323222 +−− ++++ nnnn yxxy  

9 11696410171 2 =− XY  )3429811770,372231( 423223 +−− ++++ nnnn yxxy  

10 168428484106489 2 =− XY  )12978372210,21177( 224231 +−− ++++ nnnn yxxy  

11 11696410171 2 =− XY  )3423722310,981177( 324232 +−− ++++ nnnn yxxy  

12 324109 2 =− XY  )18372211770,37221177( 424233 +−− ++++ nnnn yxxy  

13 29160135 2 =− XY  )10831,49( 223221 +−− ++++ nnnn yyyy  

14 421070405130 2 =− XY  )41041177,1861( 224231 +−− ++++ nnnn yyyy  

15 29160135 2 =− XY  )108117731,491861( 324232 +−− ++++ nnnn yyyy  

CONCLUSION 

In this paper, we have presented infinitely many integer solutions for the negative Pell equation   

5410 22 −= xy  
    . As the binary quadratic diophantine equations are rich in variety, one may search for 

the other choices of Pell equations and determine their integer solutions along with suitable properties. 
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