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ABSTRACT

In this study, we introduce new class of quaternion and octonion numbers associated with the Mersenne
numbers. We define Mersenne quaternion and Mersenne-Lucas quaternion, Mersenne octonion and
Mersenne-Lucas octonion by using the Mersenne numbers. We obtained generating functions and Binet
formulas for the Mersenne and Mersenne-Lucas quaternion and octonion and some of interesting
identities of these numbers.
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INTRODUCTION

Quaternions are non-commutative and non-associative number system that extends the complex numbers.
Quaternions were first described by Robrigues in 1840, but in 1843, Hamilton developed independently
and applied to Mechanics in three dimensional space. In 1886, Lipschitz started the study of integral
guaternions whose system was later simplified by Dickson. In 1845, octonions were developed
independently by Cayley and Graves. Octonions have eight dimensions twice the number of dimensions
of the quaternions of which they are an extension.

In this communication, we introduce new class of quaternion and octonion numbers associated with the
Mersenne numbers. We define Mersenne quaternion and Mersenne-Lucas quaternion, Mersenne octonion
and Mersenne-Lucas octonion by using the Mersenne numbers. We obtained generating functions and
Binet formulas for the Mersenne and Mersenne-Lucas quaternion and octonion and some of interesting
identities of these numbers.

Preliminaries
The Mersenne numbers {M,, } is defined by the recurrence relation

Mn = 3Mn_1 - 2Mn_2, n= 2 Wlth MO = O, M1 =1.
The Mersenne- Lucas numbers {ML,} is defined recurrently by
ML, = 3ML,_; — 2ML,_,, n > 2 with ML, = 2, ML, = 3.

The generating functions for these sequences are

2—3X
1-3x+2x2

Yo Mp x = ———and ¥y ML, x" =

T 1-3x+2x2
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The Binet formulas for these sequences are M, = o™ — " and ML, = o™ + "
where o = 2, B = 1 are roots of the characteristic equation x?> —3x+2 =0

A Quaternions Q can be written as Q = a + bi + ¢j + dk, where a, b, ¢, d are reals.
i2==k?=ijk=-1,ij= —ji=k jk=-kj =i ki=—-ik =]

The Mersenne quaternions and Mersenne-Lucas quaternions are defined by

My = M +iMpyq +jMpyo + kMpy3 (1.1)

ML, = ML, 4 iMLy41 4+ jMLp45 + KMLy 43 (1.2)
Multiplication table for the basis of Q .

1011123
000|123
1/1(-0]3]-2
2121-3|-0]1
3132 |-1]-0

A Octonions O can be written as 0 = Y.7_, pses, Where pg are reals and (e, ey, e,, €3, €4, €s, €, e7) is the
standard octonion basis.Multiplication table for the basis of O.

. 0 1 2 3 4 5 6 7
0 0 1 2 3 4 5 6 7
1 1,03 |-2|5|-4)|-7T|6

7 7|65 4 | 831-2|1]-0

The Mersenne octonions and Mersenne-Lucas octonions are defined by

My, = Myeq + Mpi1ey + Myy2e; + Mpizes + My, 4eq + Mpises + Myyse6 + Mnise; (1.3)

ML, = MLneq + MLy,1€; + MLy z€; + MLy zes + Myniaes + MLy ses + MLy s + MLy ey
(1.4)

My + MLy = 51 o(Myn & MLn)e; (1.5)

The Mersenne and Mersenne-Lucas quaternions:
Theorem 1. The generating functions for Mersenne quaternions and Mersenne-Lucas quaternions are
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7N _ Mo+(M1—3Mp)x ——  MLo+(ML{—3MLg)x
fe = 1-3x+2x2 and g(x) = 1-3x+2x2

Proof. Define f(x) = Y52, M,x*

G) = W + Myx+ ) Wi
—
—3xf(x) = —3Myx — 3 Z M, xt
i=2
2x2f(x) =2 Z M,_,xt
i=2

(1 —3x +2x3)f(x) = My + Myx — 3Mpx + E(AZ —3M,_; + 2M,_,)x"
i=2
— _ My + (My — 3Mp)x
“f&) = 1 —3x + 2x2
And define g(x) = X2, ML,x!

Multiplying this equation by 1, 3x, 2x?2 respectively and summing these equations, we obtain

(1—3x+2x%)g(x) = MLy + ML;x — 3MLyx + Z(ml —3ML,_; +2ML,_,)x*
i=2
gx) = 5

1—3x+ 2x

Theorem 2.The Binet formulas for the Mersenne Quaternions and Mersenne-Lucas Quaternions are

M, =2"A-B (2.1)

and ML,=2"A+B (2.2)
whereA=1+2i+2%j+23%k,B=1+i+j+k
Proof. M, = M, + iM,,; + jMp,; + kM, 3
=M= +iR"™ —-1)+,j(2"2 - 1) + k("3 - 1)
=2"A—B,whereA=1+2i+2%+2%,B=1+i+j+k

ML, = ML, + iMLy 1 + jMLy 5 + kML, 4
="+ 1D +iR"™ 4+ 1)+ +1) + k(23 + 1)
=2"A+B,where A=1+2i+2%+2%k,B=1+i+j+k
Lemma 1.

AB=-13-i+11j+7kand BA=—-13+7i—j+ 11k
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Proof. From the definition of A and B , and using the multiplication table for the basis of quaternions, we
computed these results.

Theorem 3 (Catalan Identity). Let n,r € Z, then we have

My My — M2 = =2"""[22"BA + AB(1 — 2"%1)]

ML, ML, — ML% = 2"""[22"BA+ AB(1 — 2"*1)]
where A=1+2i+2%j+23k,B=1+i+j+k

Proof. Using Binet formulas for M,, and ML,,, we have

My Mpyy — M2 = (274 — B)(2"*"A - B) — (2"4 - B)’

= 22MA% — 2™7"BA - 2""TAB + B? — 22" A* — B* + 2"*1AB
= —2""[22"BA+ AB(1 - 2"*1)]
MLy ML, — MIZ = (24 + B)(2"*"A + B) — (2"A + B)"
= 22MA% 4+ 2T BA + 2" TAB + B? — 22"A? — B? — 2"*1AB
= 2"T[22'BA + AB(1 - 2"1)]

Theorem 4 (Cassini Identity). For any integer n, we have

My_ 1My — M2 = —2""1[4BA — 34B]
ML, 1ML, — ML?% = 2""[4BA — 34B]
where A=1+2i+2%j+23k,B=1+i+j+k

Proof. Since Cassini’s identity is a special case of Catalan’s identity, we get this result by substituting r =
1 in Catalan’s identity.

Theorem 5 (d’Ocagne’s Identity). For any integer m, n, we have
MM, — My, M, = —2"BA + 2™AB
ML,ML,;; — ML, ,{ML, = 2"BA — 2MAB
where A=1+2i+2%j+23k,B=1+i+j+k
Proof. By using (2.1) and (2.2), we have
MMy — My My, = (2™A - B)(2"**A - B) — (2™*'4 - B)(2"4A - B)
= 2mint1f2 _ pnt1BA — 2MmAB + B? — 21 A2 — B2 4 2M*1AB + 2"BA
= —2"BA+2"MAB
ML ML,y — MLy ML, = (2™A + B)(2"**'A+ B) — (2™**A + B)(2"A + B)
= 2mHAHLAZ 4 2" B A+ 2MAB + B? — 2M 1 A2 — B2 — 21 AB—2"BA
= 2"BA — 2™AB
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Theorem 6. Letn > 1,7 > 1 be integers. Then
.M, + M, =302"A-2B
i.M, ., — M, = 2"A

WMy + M,_, =27 (2%" + 1)A — 2B

V.M, —M,_. =2"T2% - 1A
where A=1+4+2i+2%+2%k,B=1+i+j+k
Proof. Using (1.1) and the identities, M,,,; + M,, = 3(2™) — 2 and M,,,; — M,, = 2™ we have
M1+ My = (Mpyq + Mp) + i(Mpsz + Mpsr) +j(Mnys + Mnyz) + k(Mpsg + Mnys)
= [3(2™) — 2] +i[3(2™*1) — 2] +j[3(2™*?) — 2] + k[3(2"*3) - 2]
=3(2™MA - 2B
Myp1 = My = (Mpyq — Mp) + i(Mpyz — Mypy1) + j(Mpy3 — Myy2) + k(Mpyq — Mpy3)
= 2N 4 (N1 4 jpnt2 4 k2nt3
=2"A
By defining, My, = Myyy + iMyyriq + jMpyri + kMyyrys,
My~ = My + iMp_piq + jMy_yip + kMy_ppz and using My + My, = 2777 (227 + 1) — 2

Mn+r + Mn—r = (Mn+r + Mn—r) + i(Mn+r+1 + Mn—r+1) +j(Mn+r+2 + Mn—r+2)
+k(Mpire3 + Mp_ry3)

= [20T(227 + 1) — 2] +i[27THI(227 + 1) — 2] + j[27T2 (22T + 1) — 2]
+ k[277TF3 (227 + 1) — 2]

=2"T(22" + 1)A - 2B
Using the relation, M., — M,,_, = 27" (22" — 1) we get

My — My = (Mn+r - Mn—r) + i(Mn+r+1 - Mn—r+1) +j(Mn+r+2 - Mn—r+2)
+ k(Mn+r+3 - n—r+3)

— [2n—T(22T _ 1)] + i[zn—r+1(22r _ 1)] +j[2n—r+2(22r _ 1)] + k[zn—r+3(22r _

=2"T7T(22" - 1A
Theorem 7. Letn = 1,r = 1 be integers. Then
i.ML,,, + ML,, = 3(2")A + 2B
i.ML,,, — ML, = 2™A
iii.ML, ., + ML,,_, = 2" 7(2%" + 1)A + 2B
iV.ML, ., — ML,_, = 2" 7(2?" — 1)A

where A=1+4+2i+2%j+ 2%, B=1+i+j+k

D]
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Proof. By using (1.2) and the identity ML,,, + ML, = 3(2™) + 2, we have

MLn+1 + MLn = (MLn+1 + MLn) + i(MLn+2 + MLn+1) +j(MLn+3 + MLn+2) + k(MLn+4 + MLn+3)

=302M[1+2i+2%+2%]+2(1+i+j+k)
=3(2™A+ 2B

By using the relation ML,,,, — ML,, = 2",

MLypyy — MLy = (MLn+1 - MLn) + i(MLn+2 - MLn+1) +j(MLn+3 - MLn+2) + k(MLn+4 - MLn+3)

= 2"[1 + 2i + 2%j + 23k]
=2"A
By defining, MLy, = MLy + iMLyyyiq + jMLyyyip + kMLyyy s,
ML,_, = MLy,_, +iMLy_ysq + jMLy_yip + kML, _,.5 and using
MLyiy + MLy, _,. = 2"77(22" + 1) + 2, we obtain
MFEn:r + MFL\nJ—r = MLyt + MLyp_y) + i(MLypyriq + MLy—ryq) + (ML iz + MLy 2)
+k(MLpir+3 + MLp_r43)
=2+ D1+ 20+ 2%+ 23k +2(1+i+j+ k)
= 2" (22" + 1)A + 2B
Using the relation, ML, ., — ML,_, = 2" "(22" — 1) we get

Mmr - MFLZr = MLpyr —MLp_y) + i(MLypyry1 — MLy—yi1) + j(MLyyyi2 — MLy _r42)
+k(MLyyri3 — MLy_ri3)
= 2" (22" — 1D)[1 + 2i + 2% + 23k]
= 2MT (22T — 1)4
Theorem 8. Letn = 1 be integer. Then

i. M,+ML,=2""4

i. ML,—M,=2B
iii. 3M,+ ML, =2M,,,
where A=1+2i+2%j+23k,B=1+i+j+k
Proof. By using the identity, M, + ML, = 2"t we have
My + ML, = (My, + MLy) + i(Myyq + MLpiq) + j(Mpip + MLyyp) + k(M3 + MLy ,3)
= 20+1[1 + 2i + 2%j 4 23Kk] = 2"*1A

By applying, ML,, — M,, = 2, we get

6327



On Mersenne and Mersenne - Lucas Quaternions and Octonions

m - M;l = MLy — Mp) + i(MLpy1 — Mpy1) + j(MLyyp + Myyp) + k(MLypy3 — Myy3)
=2(1+i+j+k) =2B
And substituting the identity 3M,, + ML,, = 2M,,,4, we obtain
3My, + MLy, = 3Mp, + MLy) + i(3Mp 41 + MLy 1) + j(3Mpyz + MLyyp) + k(3Mp i3 + MLy 3)
= 2(Mpy1 + iMpyp + jMpys + kMyyy) = 2My g
Theorem 9. Let n > 1 be integer. Then
MyML, = 2 —83(2%") + i(22™+2 — 2"*3 — 2) 4 j(22"*3 + 3(2"*2) - 2) +
k(22n+4 —on+2 _ 2)

ML, M, = 2 — 83(22™) + i(22™%2 4+ 23 — 2) 4+ j(22"*3 — 3(2"*2) — 2) +
k(22n+4 + 22n+2 _ 2)
Proof. By multiplying (1.1) and (1.2) and using the identity M,,,ML,, + M,,ML,,, = 2M;, 4 p,,
M,,ML,, — M,ML,, = 2"*1M,,_,., we have
mMLn = (Mn + iMn+1 +jMn+2 + an+3)(MLn + iMLn+1 +jMLn+2 + kMLn+3)
If necessary calculations are made, we obtain
M:lMLn =2 — 83(22n) + i(22n+2 _ 2n+3 — 2) + j(22n+3 + 3(2n+2) _ 2) + k(22n+4 _ 2n+2 _ 2)
In asimilar way, we obtain
ML, My, = (MLy, + iMLyyq + jMLyys + KMLyy3)(My, + iMy sy + jMyy + kMp3)
=2 — 83(221’!) + i(22n+2 + 2n+3 _ 2) +j(22n+3 _ 3(2n+2) _ 2) + k(22n+4 + 2n+2 _ 2)

The Mersenne and Mersenne-Lucas octonions:
Theorem 10. The generating functions for the Mersenne and Mersenne-Lucas octonions are

o + (i — 37T,)x

e P
50e) = ML, + (ML, — 3MLy)x
I = T a2

Proof. Let us define f(x) = ¥, M,x™
Multiplying this equation by 1, 3x, 2x?2 respectively and summing these equations, we obtain
(1= 3x+2x2)f (x) = My + (My — 3My)x + (M — My)x? + -+ + (M,, — M, )x™

My + (M, — 3My)x

A 1—3x + 2x2
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And define §(x) = Y&y ML,x"
Multiplying this equation by 1, 3x, 2x? respectively and summing these equations, we obtain
(1 —3x + 2x?)g(x) = MLy + (ML, — 3MLy)x + (ML, — ML,)x? + -+ + (ML,, — ML, )x"
ML, + (ML, — 3MLo)x

1 — 3x + 2x2
Theorem 11. The Binet formulas for the Mersenne and Mersenne-Lucas octonions are

FOE

M, =2"A-B

and ML, =2"A+B

where A = ¥7_,2%,,B =Y7_,es.

Proof. From (1.3) and (1.4),

M, = X7 Mpises = Xo(2" — 1)es = 2" X1 2% es — Xl_ges = 2"A— B
ML, = YloMLyises = X1_o(2™ + Deg = 2" 310 2%es + Xlges = 2"A+ B
Lemma 2.

AB = —253 + 47e; — 133e, — 73e;5 + 227e, + 87es — 49e, + 155e,

and BA = —253 — 41e; + 143e, + 91e; — 193e, — 21es + 179¢, + 103e,

(3.1)
(3.2)

Proof. From the definition of A and B , and using the multiplication table for the basis of octonions, we

computed these results.

Theorem 12 (Catalan ldentity). Let n,r € Z, then we have
My Mypy — M,” = 277[(271 = 1)AB — 227 BA]
MLy MLy, — ML," = 2777[(1 — 2+ 1) AB + 227 BA]|
where A = Y7_,25¢e,, B = ¥7_,es.

Proof. By using (3.1) and (3.2), we obtain

My My, — M," = (2" A - B) (2" A - B) — ("4 - B)”
= 22nAZ — QMHTBA — 2NTAR + B2 — 220A% — B2 4+ 20+1AR
= 2"7[(2"*1 — 1)AB — 22" BA|
ML, MLy, — ML," = (2" A+ B)(2""A + B) — (2"4 + B)’
=22mA2 + QMTBA + 2T AR + B? — 22" A% — B% + 2" AR

=2"T[(1 - 2" AB + 22" BA|

Since Cassini’s identity is a special case of Catalan’s identity, we get the below result by substituting

r = 1 in Catalan’s identity.
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Theorem 13 (Cassini Identity). For any integer n,

My My, — M, = 271345 — 4B A]

ML,y MLyyy — ML," = 271 [4BA — 34B]

where A = Y7_,2%,,B =Y7_,es.

Theorem 14 (d’Ocagne’s Identity). For any integers n, m, we have

MMy — My My, = 2™AB — 2"BA

ML,,ML,,, — ML,,, ML, = 2"BA — 2™ARB

where A = ¥7_,2%,,B =Y7_,e..

Proof.

My Mppq — Myyq My, = (2MA — B)(20*1A — B) — (2™*1A — B)(2"A — B)

= QML A2 _ onH1B A — 2MAB + B? — 2MAnt142 — B2 4 2MA1AR 4+ 2"BA
=2MAB — 2"BA

ML, ML, 1 — MLy 1ML, = (2™A + B)(2"**'A + B) — (2™*'A + B)(2"A + B)
= 2MANHLA2 4 QMHIBA 4+ 2MAB + B2 — 2MAnt142 — B2 — pmA1AR — 2"BA
=2"BA - 2™AB

Theorem 15. For any integer n,

M, + ML, = 20+14

M, — ML, = —2B

Proof. By using (1.3), (1.4) and the identities, M,, + ML,, = 2"*! and M,, — ML,, = —2

M, + ML, = (Mp+MLy)ey + (Mp41 + MLyy1)es + (Mpiz + MLy o)es + (Mpi3 + MLy, 3)es
+ (Mn+4 + MLn+4)e4 + (Mn+5 + MLn+5)eS + (Mn+6 + MLn+6)66 + (Mn+7
+ MLy, 7)e;

= 2" 1 (e + 2e; + 2%e, + 2365 + 2%e, + 2%eg + 2%¢4 + 27€;)
— 2n+1A’

M, — ML, = (M,—MLy)ey + (Mp41 — MLyy1)es + (Mpiz — MLyyo)es + (Mpi3 — MLy, 3)es
+ (Mn+4 - MLn+4)e4 + (Mn+5 - MLn+5)eS + (Mn+6 - MLn+6)96 + (Mn+7
— MLy,7)e;

=—2(egte te,tezte,testestey)
= —-2B
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