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ABSTRACT 

In this study, we introduce new class of quaternion and octonion numbers associated with the Mersenne 

numbers. We define Mersenne quaternion and Mersenne-Lucas quaternion, Mersenne octonion and 

Mersenne-Lucas octonion by using the Mersenne numbers. We obtained generating functions and Binet 

formulas for the Mersenne and Mersenne-Lucas quaternion and octonion and some of interesting 

identities of these numbers. 
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INTRODUCTION 

Quaternions are non-commutative and non-associative number system that extends the complex numbers. 

Quaternions were first described by Robrigues in 1840, but in 1843, Hamilton developed independently 

and applied to Mechanics in three dimensional space. In 1886, Lipschitz started the study of integral 

quaternions whose system was later simplified by Dickson. In 1845, octonions were developed 

independently by Cayley and Graves. Octonions have eight dimensions twice the number of dimensions 

of the quaternions of which they are an extension. 

In this communication, we introduce new class of quaternion and octonion numbers associated with the 

Mersenne numbers. We define Mersenne quaternion and Mersenne-Lucas quaternion, Mersenne octonion 

and Mersenne-Lucas octonion by using the Mersenne numbers. We obtained generating functions and 

Binet formulas for the Mersenne and Mersenne-Lucas quaternion and octonion and some of interesting 

identities of these numbers. 

Preliminaries 

The Mersenne numbers {Mn} is defined by the recurrence relation 

Mn = 3Mn−1 − 2Mn−2 , n ≥ 2 with M0 = 0, M1 = 1. 

The Mersenne- Lucas numbers {MLn} is defined recurrently by 

MLn = 3MLn−1 − 2MLn−2 , n ≥ 2 with ML0 = 2, ML1 = 3. 

The generating functions for these sequences are 

∑ Mn
∞
n=0 xn =

x

1−3x+2x2 and ∑ MLn
∞
n=0 xn =

2−3x

1−3x+2x2 
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The Binet formulas for these sequences are Mn = αn − βn and MLn = αn + βn 

where  α = 2, β = 1 are roots of the characteristic equation  x2 − 3x + 2 = 0 

A Quaternions 𝒬 can be written as 𝒬 = a + bi + cj + dk, where a, b, c, d are reals. 

i2 = j2 = k2 = ijk = −1, ij = −ji = k, jk = −kj = i, ki = −ik = j 

The Mersenne quaternions and Mersenne-Lucas quaternions are defined by 

Mñ = Mn + iMn+1 + jMn+2 + kMn+3                                                                                                 (1.1) 

MLñ = MLn + iMLn+1 + jMLn+2 + kMLn+3                                                                                     (1.2) 

Multiplication table for the basis of  𝒬 . 

 

 

 

 

A Octonions 𝒪 can be written as  𝒪 = ∑ 𝑝𝑠𝑒𝑠
7
𝑠=0 , where 𝑝𝑠 are reals and (𝑒0, 𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝑒5, 𝑒6, 𝑒7) is the 

standard octonion basis.Multiplication table for the basis of  𝒪. 

. 0 1 2 3 4 5 6 7 

0 0 1 2 3 4 5 6 7 

1 1 -0 3 -2 5 -4 -7 6 

2 2 -3 -0 1 6 7 -4 -5 

3 3 2 -1 -0 7 -6 5 -4 

4 4 -5 -6 -7 -0 1 2 3 

5 5 4 -7 6 -1 -0 -3 2 

6 6 7 4 -5 -2 3 -0 -1 

7 7 -6 5 4 -3 -2 1 -0 

The Mersenne octonions and Mersenne-Lucas octonions are defined by 

𝑀�̆�  = 𝑀𝑛𝑒0 + 𝑀𝑛+1𝑒1 + 𝑀𝑛+2𝑒2 + 𝑀𝑛+3𝑒3 + 𝑀𝑛+4𝑒4 + 𝑀𝑛+5𝑒5 + 𝑀𝑛+6𝑒6 + 𝑀𝑛+7𝑒7                   (1.3) 

𝑀𝐿�̆� = 𝑀𝐿𝑛𝑒0 + 𝑀𝐿𝑛+1𝑒1 + 𝑀𝐿𝑛+2𝑒2 + 𝑀𝐿𝑛+3𝑒3 + 𝑀𝐿𝑛+4𝑒4 + 𝑀𝐿𝑛+5𝑒5 + 𝑀𝐿𝑛+6𝑒6 + 𝑀𝐿𝑛+7𝑒7    

(1.4)                                                                                                                                                     

𝑀�̆� ± 𝑀𝐿�̆� = ∑ (𝑀𝑛 ± 𝑀𝐿𝑛)𝑒𝑖
7
𝑖=0                                                                                                            (1.5) 

The Mersenne and Mersenne-Lucas quaternions: 

Theorem 1. The generating functions for Mersenne quaternions and Mersenne-Lucas quaternions are 

. 0 1 2 3 

0 0 1 2 3 

1 1 -0 3 -2 

2 2 -3 -0 1 

3 3 2 -1 -0 
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𝑓(𝑥)̃ =
𝑀0̃+(𝑀1̃−3𝑀0̃)𝑥

1−3𝑥+2𝑥2  and  𝑔(𝑥)̃ =
𝑀𝐿0̃+(𝑀𝐿1̃−3𝑀𝐿0̃)𝑥

1−3𝑥+2𝑥2  

Proof. Define 𝑓(𝑥)̃ = ∑ 𝑀�̃�𝑥
𝑖∞

𝑖=0  

f(x)̃ = M0̃ + M1̃x + ∑ Mĩx
i

∞

i=2

 

−3𝑥𝑓(𝑥)̃ = −3𝑀0̃𝑥 − 3 ∑ 𝑀𝑖−1̃𝑥𝑖

∞

𝑖=2

 

2𝑥2𝑓(𝑥)̃ = 2 ∑ 𝑀𝑖−2̃𝑥𝑖

∞

𝑖=2

 

(1 − 3𝑥 + 2𝑥2)𝑓(𝑥)̃ = 𝑀0̃ + 𝑀1̃𝑥 − 3𝑀0̃𝑥 + ∑(𝑀�̃� − 3𝑀𝑖−1̃ + 2𝑀𝑖−2̃)𝑥𝑖

∞

𝑖=2

 

∴ 𝑓(𝑥)̃ =
𝑀0̃ + (𝑀1̃ − 3𝑀0̃)𝑥

1 − 3𝑥 + 2𝑥2
 

And define g(x)̃ = ∑ MLi
̃ xi∞

i=0  

Multiplying this equation by 1, 3𝑥, 2𝑥2 respectively and summing these equations, we obtain 

(1 − 3𝑥 + 2𝑥2)𝑔(𝑥)̃ = 𝑀𝐿0̃ + 𝑀𝐿1̃𝑥 − 3𝑀𝐿0̃𝑥 + ∑(𝑀𝐿𝑖
̃ − 3𝑀𝐿𝑖−1

̃ + 2𝑀𝐿𝑖−2
̃ )𝑥𝑖

∞

𝑖=2

 

𝑔(𝑥)̃ =
𝑀𝐿0̃ + (𝑀𝐿1̃ − 3𝑀𝐿0̃)𝑥

1 − 3𝑥 + 2𝑥2
 

Theorem 2.The Binet formulas for the Mersenne Quaternions and Mersenne-Lucas Quaternions are 

𝑀�̃� = 2𝑛�̃� − �̌�                                                                                                                            (2.1)     

and    𝑀𝐿�̃� = 2𝑛�̃� + �̌�                                                                                                                             (2.2) 

where Ã = 1 + 2i + 22j + 23k, B̃ = 1 + i + j + k 

Proof.  𝑀�̃� = 𝑀𝑛 + 𝑖𝑀𝑛+1 + 𝑗𝑀𝑛+2 + 𝑘𝑀𝑛+3 

                   = (2𝑛 − 1) + 𝑖(2𝑛+1 − 1) + 𝑗(2𝑛+2 − 1) + 𝑘(2𝑛+3 − 1) 

                   = 2𝑛�̃� − �̃�, where �̃� = 1 + 2𝑖 + 22𝑗 + 23𝑘, �̃� = 1 + 𝑖 + 𝑗 + 𝑘 

𝑀𝐿�̃� = 𝑀𝐿𝑛 + 𝑖𝑀𝐿𝑛+1 + 𝑗𝑀𝐿𝑛+2 + 𝑘𝑀𝐿𝑛+3 

         = (2𝑛 + 1) + 𝑖(2𝑛+1 + 1) + 𝑗(2𝑛+2 + 1) + 𝑘(2𝑛+3 + 1) 

         = 2𝑛�̃� + �̃�, where �̃� = 1 + 2𝑖 + 22𝑗 + 23𝑘, �̃� = 1 + 𝑖 + 𝑗 + 𝑘 

Lemma 1. 

�̃��̃� = −13 − 𝑖 + 11𝑗 + 7𝑘 and  �̃��̃� = −13 + 7𝑖 − 𝑗 + 11𝑘 
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Proof. From the definition of �̃� and �̃� , and using the multiplication table for the basis of quaternions, we 

computed these results. 

Theorem 3 (Catalan Identity). Let 𝑛, 𝑟 ∈ ℤ, then we have 

𝑀𝑛−�̃�𝑀𝑛+�̃� − 𝑀𝑛
2̃ = −2𝑛−𝑟[22𝑟�̃��̃� + �̃��̃�(1 − 2𝑟+1)] 

𝑀𝐿𝑛−𝑟
̃ 𝑀𝐿𝑛+𝑟

̃ − 𝑀𝐿𝑛
2̃ = 2𝑛−𝑟[22𝑟�̃��̃� + �̃��̃�(1 − 2𝑟+1)] 

where �̃� = 1 + 2𝑖 + 22𝑗 + 23𝑘, �̃� = 1 + 𝑖 + 𝑗 + 𝑘 

Proof. Using Binet formulas for 𝑀�̃� and 𝑀𝐿�̃�, we have 

𝑀𝑛−�̃�𝑀𝑛+�̃� − 𝑀𝑛
2̃ = (2𝑛−𝑟�̃� − �̃�)(2𝑛+𝑟�̃� − �̃�) − (2𝑛�̃� − �̃�)

2
  

                             = 22𝑛�̃�2 − 2𝑛+𝑟�̃��̃� − 2𝑛−𝑟�̃��̃� + �̃�2 − 22𝑛�̃�2 − �̃�2 + 2𝑛+1�̃��̃� 

                             = −2𝑛−𝑟[22𝑟�̃��̃� + �̃��̃�(1 − 2𝑟+1)] 

𝑀𝐿𝑛−𝑟
̃ 𝑀𝐿𝑛+𝑟

̃ − 𝑀𝐿𝑛
2̃ = (2𝑛−𝑟�̃� + �̃�)(2𝑛+𝑟�̃� + �̃�) − (2𝑛�̃� + �̃�)

2
 

                                     = 22𝑛�̃�2 + 2𝑛+𝑟�̃��̃� + 2𝑛−𝑟�̃��̃� + �̃�2 − 22𝑛�̃�2 − �̃�2 − 2𝑛+1�̃��̃� 

                                     = 2n−r[22rB̃Ã + ÃB̃(1 − 2r+1)] 

Theorem 4 (Cassini Identity). For any integer 𝑛, we have 

𝑀𝑛−1̃𝑀𝑛+1̃ − 𝑀𝑛
2̃ = −2𝑛−1[4�̃��̃� − 3�̃��̃�] 

𝑀𝐿𝑛−1
̃ 𝑀𝐿𝑛+1

̃ − 𝑀𝐿𝑛
2̃ = 2𝑛−1[4�̃��̃� − 3�̃��̃�] 

where �̃� = 1 + 2𝑖 + 22𝑗 + 23𝑘, �̃� = 1 + 𝑖 + 𝑗 + 𝑘 

Proof. Since Cassini’s identity is a special case of Catalan’s identity, we get this result by substituting r =

1 in Catalan’s identity. 

Theorem 5 (d’Ocagne’s Identity). For any integer 𝑚, 𝑛, we have 

𝑀�̃�𝑀𝑛+1̃ − 𝑀𝑚+1̃𝑀�̃� = −2𝑛�̃��̃� + 2𝑚�̃��̃� 

MLm̃MLn+1
̃ − MLm+1

̃ MLñ = 2nB̃Ã − 2mÃB̃ 

where �̃� = 1 + 2𝑖 + 22𝑗 + 23𝑘, �̃� = 1 + 𝑖 + 𝑗 + 𝑘 

Proof. By using (2.1) and (2.2), we have 

𝑀�̃�𝑀𝑛+1̃ − 𝑀𝑚+1̃𝑀�̃� = (2𝑚�̃� − �̃�)(2𝑛+1�̃� − �̃�) − (2𝑚+1�̃� − �̃�)(2𝑛�̃� − �̃�) 

                                    = 2𝑚+𝑛+1�̃�2 − 2𝑛+1�̃��̃� − 2𝑚�̃��̃� + �̃�2 − 2𝑚+𝑛+1�̃�2 − �̃�2 + 2𝑚+1�̃��̃� + 2𝑛�̃��̃� 

                                    = −2𝑛�̃��̃� + 2𝑚�̃��̃� 

𝑀𝐿�̃�𝑀𝐿𝑛+1
̃ − 𝑀𝐿𝑚+1

̃ 𝑀𝐿�̃� = (2𝑚�̃� + �̃�)(2𝑛+1�̃� + �̃�) − (2𝑚+1�̃� + �̃�)(2𝑛�̃� + �̃�) 

                                         = 2𝑚+𝑛+1�̃�2 + 2𝑛+1�̃��̃� + 2𝑚�̃��̃� + �̃�2 − 2𝑚+𝑛+1�̃�2 − �̃�2 − 2𝑚+1�̃��̃�−2𝑛�̃��̃� 

                                         = 2𝑛�̃��̃� − 2𝑚�̃��̃� 
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Theorem 6. Let 𝑛 ≥ 1, 𝑟 ≥ 1 be integers. Then 

i.Mn+1̃ + Mñ = 3(2n)Ã − 2B̃ 

ii.𝑀𝑛+1̃ − 𝑀�̃� = 2𝑛�̃� 

iii.𝑀𝑛+�̃� + 𝑀𝑛−�̃� = 2𝑛−𝑟(22𝑟 + 1)�̃� − 2�̃� 

iv.𝑀𝑛+�̃� − 𝑀𝑛−�̃� = 2𝑛−𝑟(22𝑟 − 1)�̃� 

where �̃� = 1 + 2𝑖 + 22𝑗 + 23𝑘, �̃� = 1 + 𝑖 + 𝑗 + 𝑘 

Proof. Using (1.1) and the identities, 𝑀𝑛+1 + 𝑀𝑛 = 3(2𝑛) − 2 and 𝑀𝑛+1 − 𝑀𝑛 = 2𝑛 we have 

𝑀𝑛+1̃ + 𝑀�̃� = (𝑀𝑛+1 + 𝑀𝑛) + 𝑖(𝑀𝑛+2 + 𝑀𝑛+1) + 𝑗(𝑀𝑛+3 + 𝑀𝑛+2) + 𝑘(𝑀𝑛+4 + 𝑀𝑛+3) 

                    = [3(2𝑛) − 2] + 𝑖[3(2𝑛+1) − 2] + 𝑗[3(2𝑛+2) − 2] + 𝑘[3(2𝑛+3) − 2] 

                    = 3(2𝑛)�̃� − 2�̃� 

𝑀𝑛+1̃ − 𝑀�̃� = (𝑀𝑛+1 − 𝑀𝑛) + 𝑖(𝑀𝑛+2 − 𝑀𝑛+1) + 𝑗(𝑀𝑛+3 − 𝑀𝑛+2) + 𝑘(𝑀𝑛+4 − 𝑀𝑛+3) 

                    = 2𝑛 + 𝑖2𝑛+1 + 𝑗2𝑛+2 + 𝑘2𝑛+3 

                    = 2𝑛�̃� 

By defining, 𝑀𝑛+�̃� = 𝑀𝑛+𝑟 + 𝑖𝑀𝑛+𝑟+1 + 𝑗𝑀𝑛+𝑟+2 + 𝑘𝑀𝑛+𝑟+3, 

𝑀𝑛−�̃� = 𝑀𝑛−𝑟 + 𝑖𝑀𝑛−𝑟+1 + 𝑗𝑀𝑛−𝑟+2 + 𝑘𝑀𝑛−𝑟+3 and using 𝑀𝑛+𝑟 + 𝑀𝑛−𝑟 = 2𝑛−𝑟(22𝑟 + 1) − 2 

𝑀𝑛+�̃� + 𝑀𝑛−�̃� = (𝑀𝑛+𝑟 + 𝑀𝑛−𝑟) + 𝑖(𝑀𝑛+𝑟+1 + 𝑀𝑛−𝑟+1) + 𝑗(𝑀𝑛+𝑟+2 + 𝑀𝑛−𝑟+2)

+ 𝑘(𝑀𝑛+𝑟+3 + 𝑀𝑛−𝑟+3) 

= [2𝑛−𝑟(22𝑟 + 1) − 2] + 𝑖[2𝑛−𝑟+1(22𝑟 + 1) − 2] + 𝑗[2𝑛−𝑟+2(22𝑟 + 1) − 2]

+ 𝑘[2𝑛−𝑟+3(22𝑟 + 1) − 2] 

= 2𝑛−𝑟(22𝑟 + 1)�̃� − 2�̃� 

Using the relation, 𝑀𝑛+𝑟 − 𝑀𝑛−𝑟 = 2𝑛−𝑟(22𝑟 − 1) we get 

𝑀𝑛+�̃� − 𝑀𝑛−�̃� = (𝑀𝑛+𝑟 − 𝑀𝑛−𝑟) + 𝑖(𝑀𝑛+𝑟+1 − 𝑀𝑛−𝑟+1) + 𝑗(𝑀𝑛+𝑟+2 − 𝑀𝑛−𝑟+2)

+ 𝑘(𝑀𝑛+𝑟+3 − 𝑀𝑛−𝑟+3) 

                        = [2𝑛−𝑟(22𝑟 − 1)] + 𝑖[2𝑛−𝑟+1(22𝑟 − 1)] + 𝑗[2𝑛−𝑟+2(22𝑟 − 1)] + 𝑘[2𝑛−𝑟+3(22𝑟 − 1)] 

                        = 2𝑛−𝑟(22𝑟 − 1)�̃� 

Theorem 7. Let 𝑛 ≥ 1, 𝑟 ≥ 1 be integers. Then 

i.𝑀𝐿𝑛+1
̃ + 𝑀𝐿�̃� = 3(2𝑛)�̃� + 2�̃� 

ii.𝑀𝐿𝑛+1
̃ − 𝑀𝐿�̃� = 2𝑛�̃� 

iii.𝑀𝐿𝑛+𝑟
̃ + 𝑀𝐿𝑛−𝑟

̃ = 2𝑛−𝑟(22𝑟 + 1)�̃� + 2�̃� 

iv.𝑀𝐿𝑛+𝑟
̃ − 𝑀𝐿𝑛−𝑟

̃ = 2𝑛−𝑟(22𝑟 − 1)�̃� 

where �̃� = 1 + 2𝑖 + 22𝑗 + 23𝑘, �̃� = 1 + 𝑖 + 𝑗 + 𝑘 
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Proof. By using (1.2) and the identity  𝑀𝐿𝑛+1 + 𝑀𝐿𝑛 = 3(2𝑛) + 2, we have 

𝑀𝐿𝑛+1
̃ + 𝑀𝐿�̃� = (𝑀𝐿𝑛+1 + 𝑀𝐿𝑛) + 𝑖(𝑀𝐿𝑛+2 + 𝑀𝐿𝑛+1) + 𝑗(𝑀𝐿𝑛+3 + 𝑀𝐿𝑛+2) + 𝑘(𝑀𝐿𝑛+4 + 𝑀𝐿𝑛+3) 

                         = 3(2𝑛)[1 + 2𝑖 + 22𝑗 + 23𝑘] + 2(1 + 𝑖 + 𝑗 + 𝑘) 

                         = 3(2𝑛)�̃� + 2�̃� 

By using the relation 𝑀𝐿𝑛+1 − 𝑀𝐿𝑛 = 2𝑛, 

𝑀𝐿𝑛+1
̃ − 𝑀𝐿�̃� = (𝑀𝐿𝑛+1 − 𝑀𝐿𝑛) + 𝑖(𝑀𝐿𝑛+2 − 𝑀𝐿𝑛+1) + 𝑗(𝑀𝐿𝑛+3 − 𝑀𝐿𝑛+2) + 𝑘(𝑀𝐿𝑛+4 − 𝑀𝐿𝑛+3) 

                         = 2𝑛[1 + 2𝑖 + 22𝑗 + 23𝑘] 

                         = 2𝑛�̃� 

By defining, 𝑀𝐿𝑛+𝑟
̃ = 𝑀𝐿𝑛+𝑟 + 𝑖𝑀𝐿𝑛+𝑟+1 + 𝑗𝑀𝐿𝑛+𝑟+2 + 𝑘𝑀𝐿𝑛+𝑟+3, 

𝑀𝐿𝑛−𝑟
̃ = 𝑀𝐿𝑛−𝑟 + 𝑖𝑀𝐿𝑛−𝑟+1 + 𝑗𝑀𝐿𝑛−𝑟+2 + 𝑘𝑀𝐿𝑛−𝑟+3  and using 

𝑀𝐿𝑛+𝑟 + 𝑀𝐿𝑛−𝑟 = 2𝑛−𝑟(22𝑟 + 1) + 2, we obtain 

𝑀𝐿𝑛+𝑟
̃ + 𝑀𝐿𝑛−𝑟

̃ = (𝑀𝐿𝑛+𝑟 + 𝑀𝐿𝑛−𝑟) + 𝑖(𝑀𝐿𝑛+𝑟+1 + 𝑀𝐿𝑛−𝑟+1) + 𝑗(𝑀𝐿𝑛+𝑟+2 + 𝑀𝐿𝑛−𝑟+2) 

                                   +𝑘(𝑀𝐿𝑛+𝑟+3 + 𝑀𝐿𝑛−𝑟+3)   

                             = 2𝑛−𝑟(22𝑟 + 1)[1 + 2𝑖 + 22𝑗 + 23𝑘] + 2(1 + 𝑖 + 𝑗 + 𝑘) 

                             = 2𝑛−𝑟(22𝑟 + 1)�̃� + 2�̃� 

Using the relation, 𝑀𝐿𝑛+𝑟 − 𝑀𝐿𝑛−𝑟 = 2𝑛−𝑟(22𝑟 − 1) we get 

 

𝑀𝐿𝑛+𝑟
̃ − 𝑀𝐿𝑛−𝑟

̃ = (𝑀𝐿𝑛+𝑟 − 𝑀𝐿𝑛−𝑟) + 𝑖(𝑀𝐿𝑛+𝑟+1 − 𝑀𝐿𝑛−𝑟+1) + 𝑗(𝑀𝐿𝑛+𝑟+2 − 𝑀𝐿𝑛−𝑟+2) 

                                   +𝑘(𝑀𝐿𝑛+𝑟+3 − 𝑀𝐿𝑛−𝑟+3) 

                             = 2𝑛−𝑟(22𝑟 − 1)[1 + 2𝑖 + 22𝑗 + 23𝑘] 

                             = 2𝑛−𝑟(22𝑟 − 1)�̃� 

Theorem 8. Let 𝑛 ≥ 1 be integer. Then 

i. 𝑀�̃� + 𝑀𝐿�̃� = 2𝑛+1�̃� 

ii. 𝑀𝐿�̃� − 𝑀�̃� = 2�̃� 

iii. 3𝑀�̃� + 𝑀𝐿�̃� = 2𝑀𝑛+1̃ 

where �̃� = 1 + 2𝑖 + 22𝑗 + 23𝑘, �̃� = 1 + 𝑖 + 𝑗 + 𝑘 

Proof. By using the identity, Mn + MLn = 2n+1 we have 

𝑀�̃� + 𝑀𝐿�̃� = (𝑀𝑛 + 𝑀𝐿𝑛) + 𝑖(𝑀𝑛+1 + 𝑀𝐿𝑛+1) + 𝑗(𝑀𝑛+2 + 𝑀𝐿𝑛+2) + 𝑘(𝑀𝑛+3 + 𝑀𝐿𝑛+3) 

                   = 2n+1[1 + 2i + 22j + 23k] = 2n+1Ã 

By applying, 𝑀𝐿𝑛 − 𝑀𝑛 = 2, we get 
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𝑀𝐿�̃� − 𝑀�̃� = (𝑀𝐿𝑛 − 𝑀𝑛) + 𝑖(𝑀𝐿𝑛+1 − 𝑀𝑛+1) + 𝑗(𝑀𝐿𝑛+2 + 𝑀𝑛+2) + 𝑘(𝑀𝐿𝑛+3 − 𝑀𝑛+3) 

                   = 2(1 + 𝑖 + 𝑗 + 𝑘)   = 2�̃� 

And substituting the identity 3𝑀𝑛 + 𝑀𝐿𝑛 = 2𝑀𝑛+1, we obtain 

3𝑀�̃� + 𝑀𝐿�̃� = (3𝑀𝑛 + 𝑀𝐿𝑛) + 𝑖(3𝑀𝑛+1 + 𝑀𝐿𝑛+1) + 𝑗(3𝑀𝑛+2 + 𝑀𝐿𝑛+2) + 𝑘(3𝑀𝑛+3 + 𝑀𝐿𝑛+3) 

                     = 2(𝑀𝑛+1 + 𝑖𝑀𝑛+2 + 𝑗𝑀𝑛+3 + 𝑘𝑀𝑛+4)  = 2𝑀𝑛+1̃ 

Theorem 9. Let 𝑛 ≥ 1 be integer. Then 

i. 𝑀�̃�𝑀𝐿�̃� = 2 − 83(22𝑛) + 𝑖(22𝑛+2 − 2𝑛+3 − 2) + 𝑗(22𝑛+3 + 3(2𝑛+2) − 2) + 

𝑘(22𝑛+4 − 2𝑛+2 − 2) 

ii. 𝑀𝐿�̃�𝑀�̃� = 2 − 83(22𝑛) + 𝑖(22𝑛+2 + 2𝑛+3 − 2) + 𝑗(22𝑛+3 − 3(2𝑛+2) − 2) + 

𝑘(22𝑛+4 + 22𝑛+2 − 2) 

Proof. By multiplying (1.1) and (1.2) and using the identity 𝑀𝑚𝑀𝐿𝑛 + 𝑀𝑛𝑀𝐿𝑚 = 2𝑀𝑚+𝑛, 

𝑀𝑚𝑀𝐿𝑛 − 𝑀𝑛𝑀𝐿𝑚 = 2𝑛+1𝑀𝑚−𝑛, we have 

𝑀�̃�𝑀𝐿�̃� = (𝑀𝑛 + 𝑖𝑀𝑛+1 + 𝑗𝑀𝑛+2 + 𝑘𝑀𝑛+3)(𝑀𝐿𝑛 + 𝑖𝑀𝐿𝑛+1 + 𝑗𝑀𝐿𝑛+2 + 𝑘𝑀𝐿𝑛+3) 

If necessary calculations are made, we obtain 

MñMLñ = 2 − 83(22n) + i(22n+2 − 2n+3 − 2) + j(22n+3 + 3(2n+2) − 2) + k(22n+4 − 2n+2 − 2) 

In  a similar way, we obtain 

𝑀𝐿�̃�𝑀�̃� = (𝑀𝐿𝑛 + 𝑖𝑀𝐿𝑛+1 + 𝑗𝑀𝐿𝑛+2 + 𝑘𝑀𝐿𝑛+3)(𝑀𝑛 + 𝑖𝑀𝑛+1 + 𝑗𝑀𝑛+2 + 𝑘𝑀𝑛+3) 

              = 2 − 83(22𝑛) + 𝑖(22𝑛+2 + 2𝑛+3 − 2) + 𝑗(22𝑛+3 − 3(2𝑛+2) − 2) + 𝑘(22𝑛+4 + 2𝑛+2 − 2) 

 

 

The Mersenne and Mersenne-Lucas octonions: 

Theorem 10. The generating functions for the Mersenne and Mersenne-Lucas octonions are 

𝑓(𝑥) =
𝑀0̆ + (𝑀1̆ − 3𝑀0̆)𝑥

1 − 3𝑥 + 2𝑥2
 

𝑔(𝑥) =
𝑀𝐿0̆ + (𝑀𝐿1̆ − 3𝑀𝐿0̆)𝑥

1 − 3𝑥 + 2𝑥2
 

Proof. Let us define 𝑓(𝑥) = ∑ 𝑀�̆�𝑥𝑛∞
𝑛=0  

Multiplying this equation by 1, 3𝑥, 2𝑥2 respectively and summing these equations, we obtain 

(1 − 3𝑥 + 2𝑥2)𝑓(𝑥) = 𝑀0̆ + (𝑀1̆ − 3𝑀0̆)𝑥 + (𝑀2̆ − 𝑀2̆)𝑥2 + ⋯ + (𝑀�̆� − 𝑀�̆�)𝑥𝑛 

∴ 𝑓(𝑥) =
𝑀0̆ + (𝑀1̆ − 3𝑀0̆)𝑥

1 − 3𝑥 + 2𝑥2
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And define 𝑔(𝑥) = ∑ 𝑀𝐿�̆�𝑥𝑛∞
𝑛=0  

Multiplying this equation by 1, 3𝑥, 2𝑥2 respectively and summing these equations, we obtain 

(1 − 3𝑥 + 2𝑥2)𝑔(𝑥) = 𝑀𝐿0̆ + (𝑀𝐿1̆ − 3𝑀𝐿0̆)𝑥 + (𝑀𝐿2̆ − 𝑀𝐿2̆)𝑥2 + ⋯ + (𝑀𝐿�̆� − 𝑀𝐿�̆�)𝑥𝑛 

∴ 𝑔(𝑥) =
𝑀𝐿0̆ + (𝑀𝐿1̆ − 3𝑀𝐿0̆)𝑥

1 − 3𝑥 + 2𝑥2
 

Theorem 11. The Binet formulas for the Mersenne and Mersenne-Lucas octonions are 

𝑀�̆� = 2𝑛�̆� − �̆�                                                                                                                                      (3.1) 

and    𝑀𝐿�̆� = 2𝑛�̆� + �̆�                                                                                                                          (3.2) 

where �̆� = ∑ 2𝑠𝑒𝑠
7
𝑠=0 , �̆� = ∑ 𝑒𝑠

7
𝑠=0 . 

Proof. From (1.3) and (1.4), 

𝑀�̆� = ∑ 𝑀𝑛+𝑠𝑒𝑠
7
𝑠=0  = ∑ (2𝑛+𝑠 − 1)𝑒𝑠

7
𝑠=0  = 2𝑛 ∑ 2𝑠7

𝑠=0 𝑒𝑠 − ∑ 𝑒𝑠
7
𝑠=0 = 2𝑛�̆� − �̆� 

𝑀𝐿�̆� = ∑ 𝑀𝐿𝑛+𝑠𝑒𝑠
7
𝑠=0  = ∑ (2𝑛+𝑠 + 1)𝑒𝑠

7
𝑠=0  = 2𝑛 ∑ 2𝑠7

𝑠=0 𝑒𝑠 + ∑ 𝑒𝑠
7
𝑠=0  = 2𝑛�̆� + �̆� 

Lemma 2. 

�̌��̌� = −253 + 47𝑒1 − 133𝑒2 − 73𝑒3 + 227𝑒4 + 87𝑒5 − 49𝑒6 + 155𝑒7 

and �̌��̌� = −253 − 41𝑒1 + 143𝑒2 + 91𝑒3 − 193𝑒4 − 21𝑒5 + 179𝑒6 + 103𝑒7 

Proof. From the definition of �̌� and �̌� , and using the multiplication table for the basis of octonions, we 

computed these results. 

Theorem 12 (Catalan Identity). Let 𝑛, 𝑟 ∈ ℤ, then we have 

𝑀𝑛−�̌�𝑀𝑛+�̌� − �̌�𝑛
2

= 2𝑛−𝑟[(2𝑟+1 − 1)�̌��̌� − 22𝑟�̌��̌�] 

𝑀𝐿𝑛−𝑟
̌ 𝑀𝐿𝑛+𝑟

̌ − 𝑀�̌�𝑛
2

= 2𝑛−𝑟[(1 − 2𝑟+1)�̌��̌� + 22𝑟�̌��̌�] 

where �̆� = ∑ 2𝑠𝑒𝑠
7
𝑠=0 , �̆� = ∑ 𝑒𝑠

7
𝑠=0 . 

Proof.  By using (3.1) and (3.2), we obtain 

𝑀𝑛−�̌�𝑀𝑛+�̌� − �̌�𝑛
2

= (2𝑛−𝑟�̌� − �̌�)(2𝑛+𝑟�̌� − �̌�) − (2𝑛�̌� − �̌�)
2
 

= 22nǍ2 − 2n+rB̌Ǎ − 2n−rǍB̌ + B̌2 − 22nǍ2 − B̌2 + 2n+1ǍB̌ 

                                  = 2𝑛−𝑟[(2𝑟+1 − 1)�̌��̌� − 22𝑟�̌��̌�] 

𝑀𝐿𝑛−𝑟
̌ 𝑀𝐿𝑛+𝑟

̌ − 𝑀�̌�𝑛
2

= (2𝑛−𝑟�̌� + �̌�)(2𝑛+𝑟�̌� + �̌�) − (2𝑛�̌� + �̌�)
2
 

                                      = 22𝑛�̌�2 + 2𝑛+𝑟�̌��̌� + 2𝑛−𝑟�̌��̌� + �̌�2 − 22𝑛�̌�2 − �̌�2 + 2𝑛+1�̌��̌� 

                                      = 2𝑛−𝑟[(1 − 2𝑟+1)�̌��̌� + 22𝑟�̌��̌�] 

Since Cassini’s identity is a special case of Catalan’s identity, we get the below result by substituting 

 𝑟 = 1 in Catalan’s identity. 
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Theorem 13 (Cassini Identity). For any integer 𝑛, 

𝑀𝑛−1̌𝑀𝑛+1̌ − �̌�𝑛
2

= 2𝑛−1[3�̌��̌� − 4�̌��̌�] 

𝑀𝐿𝑛−1
̌ 𝑀𝐿𝑛+1

̌ − 𝑀�̌�𝑛
2

= 2𝑛−1[4�̌��̌� − 3�̌��̌�] 

where �̆� = ∑ 2𝑠𝑒𝑠
7
𝑠=0 , �̆� = ∑ 𝑒𝑠

7
𝑠=0 . 

Theorem 14 (d’Ocagne’s Identity). For any integers 𝑛, 𝑚, we have 

𝑀�̌�𝑀𝑛+1̌ − 𝑀𝑚+1̌𝑀�̌� = 2𝑚�̌��̌� − 2𝑛�̌��̌� 

𝑀𝐿�̌�𝑀𝐿𝑛+1
̌ − 𝑀𝐿𝑚+1

̌ 𝑀𝐿�̌� = 2𝑛�̌��̌� − 2𝑚�̌��̌� 

where �̆� = ∑ 2𝑠𝑒𝑠
7
𝑠=0 , �̆� = ∑ 𝑒𝑠

7
𝑠=0 . 

Proof. 

Mm̌Mn+1̌ − Mm+1̌Mň = (2mǍ − B̌)(2n+1Ǎ − B̌) − (2m+1Ǎ − B̌)(2nǍ − B̌) 

= 2𝑚+𝑛+1�̌�2 − 2𝑛+1�̌��̌� − 2𝑚�̌��̌� + �̌�2 − 2𝑚+𝑛+1�̌�2 − �̌�2 + 2𝑚+1�̌��̌� + 2𝑛�̌��̌� 

= 2𝑚�̌��̌� − 2𝑛�̌��̌� 

𝑀𝐿�̌�𝑀𝐿𝑛+1
̌ − 𝑀𝐿𝑚+1

̌ 𝑀𝐿�̌� = (2𝑚�̌� + �̌�)(2𝑛+1�̌� + �̌�) − (2𝑚+1�̌� + �̌�)(2𝑛�̌� + �̌�) 

= 2𝑚+𝑛+1�̌�2 + 2𝑛+1�̌��̌� + 2𝑚�̌��̌� + �̌�2 − 2𝑚+𝑛+1�̌�2 − �̌�2 − 2𝑚+1�̌��̌� − 2𝑛�̌��̌� 

= 2𝑛�̌��̌� − 2𝑚�̌��̌� 

Theorem 15. For any integer 𝑛, 

Mň + MLň = 2n+1Ǎ 

𝑀�̌� − 𝑀𝐿�̌� = −2�̌� 

Proof. By using (1.3), (1.4) and the identities, 𝑀𝑛 + 𝑀𝐿𝑛 = 2𝑛+1 and 𝑀𝑛 − 𝑀𝐿𝑛 = −2 

𝑀�̌� + 𝑀𝐿�̌� = (𝑀𝑛+𝑀𝐿𝑛)𝑒0 + (𝑀𝑛+1 + 𝑀𝐿𝑛+1)𝑒1 + (𝑀𝑛+2 + 𝑀𝐿𝑛+2)𝑒2 + (𝑀𝑛+3 + 𝑀𝐿𝑛+3)𝑒3

+ (𝑀𝑛+4 + 𝑀𝐿𝑛+4)𝑒4 + (𝑀𝑛+5 + 𝑀𝐿𝑛+5)𝑒5 + (𝑀𝑛+6 + 𝑀𝐿𝑛+6)𝑒6 + (𝑀𝑛+7

+ 𝑀𝐿𝑛+7)𝑒7 

                   = 2𝑛+1(𝑒0 + 2𝑒1 + 22𝑒2 + 23𝑒3 + 24𝑒4 + 25𝑒5 + 26𝑒6 + 27𝑒7) 

                   = 2𝑛+1�̌� 

𝑀�̌� − 𝑀𝐿�̌� = (𝑀𝑛−𝑀𝐿𝑛)𝑒0 + (𝑀𝑛+1 − 𝑀𝐿𝑛+1)𝑒1 + (𝑀𝑛+2 − 𝑀𝐿𝑛+2)𝑒2 + (𝑀𝑛+3 − 𝑀𝐿𝑛+3)𝑒3

+ (𝑀𝑛+4 − 𝑀𝐿𝑛+4)𝑒4 + (𝑀𝑛+5 − 𝑀𝐿𝑛+5)𝑒5 + (𝑀𝑛+6 − 𝑀𝐿𝑛+6)𝑒6 + (𝑀𝑛+7

− 𝑀𝐿𝑛+7)𝑒7 

                     = −2(𝑒0 + 𝑒1 + 𝑒2 + 𝑒3 + 𝑒4 + 𝑒5 + 𝑒6 + 𝑒7) 

                     = −2�̌� 
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