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Abstract: 

 In this paper, the concept of 𝜅 − 𝑄 −Anti fuzzy normed ring is introduced and some basic 

properties related to it are established. That our definition of a algebraic structure which we call a 𝜅 −

𝑄 − Anti Fuzzy Normed Rings. We also defined 𝜅 − 𝑄 − Anti Fuzzy Normed Rings homomorphism, 

𝜅 − 𝑄 − Anti Fuzzy Normed Subring, 𝜅 − 𝑄 − Fuzzy Normed Ideal, 𝜅 − 𝑄 − Fuzzy Normed Prime 

Ideal and 𝜅 − 𝑄 − Anti Fuzzy Normed Maximal Ideal of a Normed ring respectively.  

Keywords: 

 Fuzzy Sets, Normed Space, 𝜅 − 𝑄 − Anti fuzzy Sub set, 𝜅 − 𝑄 − Anti fuzzy normed ring and 

𝜅 − 𝑄 − Anti fuzzy normed ideal. 

1.  Introduction 

Zahed  L A[19] , published his maiden well acknowledged research paper about fuzzy sets in 

1965. In 1952, described the new notion of generalization of normed rings by Arens R[1]. Sahin M[13] 

&[14] et.al., developed the new concept of Soft Normed Rings in 1950, and also established the Normed 

Quotient Rings in 2018. Swamy U M and Swamy K L N[16], commenced the idea of Fuzzy Peime Ideals 

in 1988. In 2017, started the conception of Normed Z-Modules by Ulucay V[17], et.al. Aykut Emniyet 

and Memet Sahin[2], initiated the concept of Fuzzy Normed Rings in 2018. Solairaju A and Nagarajan 

R[15],developed a new structure of 𝑄- fuzzy subgroup groups discussed some elementary properties of 

these groups in 2009. In Commutative Normed Rings, will be the concept developed by Gel’fand I[3] 

et.al. in 1964. Rasuli R[12], explained the notion of Characterization of 𝑄-fuzzy subrings (Anti 𝑄-fuzzy 

subrings) with respect to a 𝑇-norm (𝑇-conorm) in 2018. Theory of T-norms and Fuzzy Inference 

Methods, started the new work by Gupta M M and Qi J[4], in 1991. In 2011, introduced the concept of 
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Normed Rings-Algebraic Patching by Jarden M[5]. Komogorov A N[6] et.al. writen the book as 

Introductory Real Analysis in 1970. In 1982, studied the Fuzzy Invariant Subgroups and Fuzzy ideals 

by Liu W[7]. Mordeson J N[8] et.al. developed a new structure  of fuzzy group theory in 2005. Mukherjee 

N P and Bhattacharya P[9], initiated the concept of Fuzzy Normed subgroups and Fuzzy cosets in 1984. 

Prasanna A , Premkumar M[11], et.al. defined the new concept on  κ − Q −Fuzzy Orders Relative to κ −

Q −Fuzzy Subgroups and Cyclic group on various fundamental aspects in 2020. In 1964, published his 

maiden well acknowledged research paper in Normed Rings by Naimark M A[10]. In 2009, explored a 

Mathematics of Fuzziness by Wang X[18] et.al. Zimmermann H J[20], portrayed the Fuzzy set Theory and 

its applications in 1991.  

This paper is formed because the section 2 contains the fundamental definitions of Normed 

Rings, 𝜅 − 𝑄 −fuzzy set and related results which are thoroughly crucial to know the novelty of this 

paper. In section 3, we utilize the study of this phenomena to Fundamental Algebraic properties on 𝜅 −

𝑄 − Anti Fuzzy Normed Prime Ideal and 𝜅 − 𝑄 − Anti Fuzzy Normed Maximal Ideal and their 

theorems and also established the examples. 

2. Preliminaries 

In this section, definition of normed linear space, normed ring, Archimedean strict T-norm and 

concept of fuzzy sets are outlined. 

Definition 2.1 [6]: 

 A function ‖‖ defined on a linear space 𝐿 is said to be a norm if it  has the following properties: 

(i) ‖𝑥‖ ≥ 0, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝐿, 𝑤ℎ𝑒𝑟𝑒 ‖𝑥‖ = 0 if and only if 𝑥 = 0; 

(ii) ‖𝛼. 𝑥‖ = |𝛼|. ‖𝑥‖; ( 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 ‖𝑥‖ = ‖−𝑥‖), 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 ∈ 𝐿 and for all 𝛼; 

(iii) 𝑇𝑟𝑖𝑛𝑔𝑙𝑒 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦: ‖𝑥 + 𝑦‖ ≤ ‖𝑥‖ + ‖𝑦‖, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈ 𝐿. 

A linear space 𝐿, equipped with a norm is called linear space. 

Definition 2.2 [4]: 

 A ring 𝐴 is said to be a normed ring if 𝐴 possesses a norm ‖‖, that is a non-negative real-valued 

function ‖‖:𝐴 → 𝑅 such that for any 𝑎, 𝑏 ∈ 𝐴, 

(i) ‖𝑎‖ = 0 ⇔ 𝑎 = 0, 

(ii) ‖𝑎 + 𝑏‖ ≤ ‖𝑎‖ + ‖𝑏‖, 

(iii) ‖−𝑎‖ = ‖𝑎‖, 

(iv) ‖𝑎𝑏‖ ≤ ‖𝑎‖‖𝑏‖. 

Definition 2.3 [5]: 

 Let ∗: [0,1] × [0,1] → [0,1]. ∗ is an Archimedean strict T-norm iff for all 𝑥, 𝑦, 𝑧 ∈ [0,1]: 

(i) ∗ is commutative and associative, that is, ∗ (𝑥, 𝑦) =∗ (𝑦, 𝑥)𝑎𝑛𝑑 ∗ (𝑥 ∗ (𝑦, 𝑧)) =∗

(∗ (𝑥, 𝑦), 𝑧), 

(ii) ∗ is continuous, 

(iii) ∗ (𝑥, 1) = 𝑥, 

(iv) ∗ is monotone, which means ∗ (𝑥, 𝑦) ≤∗ (𝑥, 𝑧)𝑖𝑓𝑦 ≤ 𝑧, 

(v) ∗ (𝑥, 𝑥) < 𝑥𝑓𝑜𝑟 𝑥 ∈ (0,1), and 

(vi) 𝑤ℎ𝑒𝑛 𝑥 < 𝑧 𝑎𝑛𝑑 𝑦 < 𝑡,∗ (𝑥, 𝑦) <∗ (𝑧, 𝑡)𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦, 𝑧 , 𝑡 ∈ (0,1). 

For convenience, we use the word 𝑡 − 𝑛𝑜𝑟𝑚 shortly and show it as 𝑥 ∗ 𝑦 instead of ∗ (𝑥, 𝑦). 

Some examples of 𝑡 − 𝑛𝑜𝑟𝑚 are 𝑥 ∗ 𝑦 = 𝑚𝑖𝑛{𝑥, 𝑦}, 𝑥 ∗ 𝑦 = 𝑚𝑎𝑥{𝑥 + 𝑦 − 1,0} 𝑎𝑛𝑑 𝑥 ∗ 𝑦 = 𝑥. 𝑦. 

Definition 2.4 [5]: 

 Let ◈: [0,1] × [0,1] → [0,1]. ∗ is an Archimedean strict 𝑇 −conorm iff for all 𝑥, 𝑦, 𝑧 ∈ [0,1]: 

(i) ◈ is commutative and associative that is ◈(𝑥, 𝑦) = ◈(𝑦, 𝑥)𝑎𝑛𝑑 ◈(𝑥, ◈(𝑦, 𝑧)) =

◈(◈(𝑥, 𝑦), 𝑧), 

(ii) ◈ is continuous 
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(iii) ◈(𝑥, 0) = 𝑥, 

(iv) ◈ is monotone, which means ◈ (𝑥, 𝑦) ≤ ◈(𝑥, 𝑧)𝑖𝑓𝑦 ≤ 𝑧, 

(v) ◈ (𝑥, 𝑥) > 𝑥𝑓𝑜𝑟 𝑥 ∈ (0,1), 𝑎𝑛𝑑 

(vi) When 𝑥 < 𝑧 𝑎𝑛𝑑 𝑦 < 𝑡, ◈ (𝑧, 𝑡), ◈(𝑧, 𝑡) < ◈(𝑥, 𝑦)𝑓𝑜𝑟𝑎𝑙𝑙 𝑥, 𝑦, 𝑧, 𝑡 ∈ (0,1). 

For convenience we use the word 𝑠 − 𝑛𝑜𝑟𝑚 shortly and show it as 𝑥◈𝑦 instead of ◈(𝑥, 𝑦). Some 

examples of 𝑠 − 𝑛𝑜𝑟𝑚 are 𝑥◈𝑦 = 𝑚𝑎𝑥{𝑥, 𝑦}, 𝑥 ∗ 𝑦 = 𝑚𝑖𝑛{𝑥 + 𝑦, 1} 𝑎𝑛𝑑 𝑥◈𝑦 = 𝑥 + 𝑦 − 𝑥. 𝑦. 

 Definition 2.5 [19]: 

 The fuzzy set 𝐵 on a universal set 𝑋 is a set of ordered pairs 𝐵 = {(𝑥, 𝜇𝐵(𝑥): 𝑥 ∈ 𝑋)} here, 

𝜇𝐵(𝑥) is the membership function or membership grade of 𝑥 in B. for all 𝑥 ∈ 𝑋, we have 0 ≤ 𝜇𝐵(𝑥) ≤

1. If 𝑥 ∉ 𝐵, 𝜇𝐵(𝑥) = 0, and if 𝑥 is entirely contained in B, 𝜇𝐵(𝑥) = 1. The membership grade of 𝑥 in B 

is shown as 𝐵(𝑥) in the rest of this paper. 

Definition 2.6 [19]: 

 For the fuzzy sets 𝐴 𝑎𝑛𝑑 𝐵, the membership functions of the intersection, unjon and 

complement are defined point wise as follows respectively: 

(i) (𝐴 ∩ 𝐵)(𝑥) = 𝑚𝑖𝑛{𝐴(𝑥), 𝐵(𝑥)}, 

(ii) (𝐴 ∪ 𝐵)(𝑥) = 𝑚𝑎𝑥{𝐴(𝑥), 𝐵(𝑥)}, 

(iii) 𝐴̅(𝑥) = 1 − 𝐴(𝑥). 

Definition 2.7 [17]: 

 Let (𝑅, +, ∙) be a ring and 𝐹(𝑅) be the set of all fuzzy subsets of R. As 𝐴 ∈ 𝐹(𝑅), ∧ is the 

fuzzy intersection and ⋁ is the fuzzy union functions, for all 𝑥, 𝑦 ∈ 𝑅,  if A satisfies  

(i) 𝐴(𝑥 − 𝑦) ≥ 𝐴(𝑥) ∧ 𝐴(𝑦) 

(ii) 𝐴(𝑥 ∙ 𝑦) ≥ 𝐴(𝑥) ∧ 𝐴(𝑦) 

then 𝐴 is called a fuzzy subring of 𝑅. If A is a subring of R for all 𝑎 ∈ 𝐴, then 𝐴 is itself a fuzzy 

ring. 

Definition 2.8 [15]:  

 A non-empty fuzzy subset A of R is said to be an ideal(in fact a fuzzy ideal) if and only if, for 

any 𝑥, 𝑦 ∈ 𝑅, 𝐴(𝑥 − 𝑦) ≥ 𝐴(𝑥) ∧ 𝐴(𝑦) and 𝐴(𝑥 ∙ 𝑦) ≥ 𝐴(𝑥)⋁𝐴(𝑦). 

Remark 2.9: 

 The fuzzy operations of fuzzy subsets 𝐴, 𝐵 ∈ 𝐹(𝑅) on the ring R can be extended to the 

operations below by 𝑡 − 𝑛𝑜𝑟𝑚𝑠 𝑎𝑛𝑑 𝑠 − 𝑛𝑜𝑟𝑚𝑠: 

For all 𝑧 ∈ 𝑅, 

(i) (𝐴 + 𝐵)(𝑧) =
◈

𝑥 + 𝑦 = 𝑧
(𝐴(𝑥) ∗ 𝐵(𝑦)); 

(ii) (𝐴 − 𝐵)(𝑧) =
◈

𝑥 − 𝑦 = 𝑧
(𝐴(𝑥) ∗ 𝐵(𝑦)); 

(iii) (𝐴 ∙ 𝐵)(𝑧) =
◈

𝑥. 𝑦 = 𝑧
(𝐴(𝑥) ∗ 𝐵(𝑦)). 

Definition 2.10 [14]:  

Let 𝑄 and 𝑆 be any two sets. Then the mapping 𝐴: 𝑆 × 𝑄 → [0,1] is called a 𝑄-Fuzzy set in 𝑆 

Definition 2.11 [11]:   

A 𝑄-Fuzzy set 𝐴 of ring 𝑆 is said to be 𝑄-Fuzzy Subring if the following properties hold,           

(𝑖)  𝐴(𝑚 − 𝑛, 𝑞) ≥ min{𝐴(𝑚, 𝑞), 𝐴(𝑛, 𝑞)}, for all 𝑚, 𝑛 ∈ 𝑆 and 𝑞 ∈ 𝑄. 

     (𝑖𝑖)𝐴(𝑚𝑛, 𝑞) ≥ min{𝐴(𝑚, 𝑞), 𝐴(𝑛, 𝑞)}, for all 𝑚, 𝑛 ∈ 𝑆 and 𝑞 ∈ 𝑄  

Definition 2.12 [11]:  

Let the mapping 𝑓: 𝑆1 → 𝑆2 be a homomorphism. Let 𝐴 and 𝐵 be two 𝑄-Fuzzy Subrings of 𝑆1 and 

𝑆2 respectively, then  𝑓(𝐴) and 𝑓−1(𝐵)  are image of 𝐴 and the inverse image of 𝐵 respectively, 

defined as 
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(i) 𝑓(𝐴)(𝑛, 𝑞) = {
sup{𝐴(𝑚, 𝑞): 𝑚 ∈ 𝑓−1(𝑛)},   if  𝑓−1(𝑛) ≠ ∅

0,                                            if  𝑓−1(𝑛) = ∅
, for every 𝑛 ∈ 𝑆2 and 𝑞 ∈ 𝑄 

(ii) 𝑓−1(𝐵)(𝑚, 𝑞) = 𝐵(𝑓(𝑚), 𝑞), for every 𝑚 ∈ 𝑆1and 𝑞 ∈ 𝑄. 

Definition 2.13[11]  

Let 𝐺 and 𝑄 be any two nonempty sets and 𝜅 ∈ [0,1] and 𝐴 be a 𝑄 − Fuzzy Subset (𝑄 − 𝐹𝑆𝑏) of 

a set 𝐺. The fuzzy set 𝐴𝜅 of 𝐺 is called the 𝜅 − 𝑄 − Fuzzy Subset (𝜅 − 𝑄 − 𝐹𝑆𝑏) of 𝐺 is defined by  

𝐴𝜅(𝑥, 𝑞) = (𝐴(𝑥, 𝑞), 𝜅), ∀ 𝑥 ∈ 𝐺 𝑎𝑛𝑑 𝑞 ∈ 𝑄. 

3. Fundamental Algebraic properties on 𝜿 − 𝑸 − 𝐀𝐧𝐭𝐢 Fuzzy Normed Prime Ideal and 𝜿 − 𝑸 −

𝐀𝐧𝐭𝐢  Fuzzy Normed Maximal Ideal 

In this section, 𝜅 − 𝑞 −Anti fuzzy normed prime ideal and 𝜅 − 𝑞 − Anti fuzzy normed 

maximal ideal are outlined. 

Definition 3.1: 

 Let 𝐴𝜅 𝑎𝑛𝑑 𝐵𝜅 be two 𝜅 − 𝑞 − Anti fuzzy subsets of the normed ring 𝑁𝑅. We define the 

operation 𝐴𝜅 °𝐵𝜅 as follows: 

𝐴𝜅 °𝐵𝜅(𝑥, 𝑞) = {
◈

𝑥 = 𝑦𝑧
(𝐴𝜅(𝑦, 𝑞) ∗ 𝐵𝜅(𝑧, 𝑞)), 𝐼𝑓 𝑥 𝑐𝑎𝑛 𝑏𝑒 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠 𝑥 = 𝑦𝑧 𝑎𝑛𝑑 𝑞 ∈ 𝑄 

0,                                                       𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.
 

If the normed ring 𝑁𝑅 has a multiplicative inverse, namely if 𝑁𝑅 . 𝑁𝑅 = 𝑁𝑅, then the second 

case does not occur. 

Definition 3.2: 

 Let 𝐴𝜅 𝑎𝑛𝑑 𝐵𝜅 be 𝜅 − 𝑞 − Anti fuzzy normed ideals of a normed ring 𝑁𝑅 and let 𝐹𝑁𝑃 be a 

non-constant function, which is not an ideal of 𝑁𝑅. If  

𝐴𝜅 °𝐵𝜅 ⊆ 𝐹𝑁𝑃 ⇒ 𝐴𝜅 ⊆ 𝐹𝑁𝑃 𝑜𝑟 𝐵𝜅 ⊆ 𝐹𝑁𝑃, 

then 𝐹𝑁𝑃 is called a 𝜅 − 𝑞 − Anti fuzzy normed prime ideal of 𝑁𝑅. 

Example 3.2.1: 

 Show that if the 𝜅 − 𝑞 − Anti fuzzy normed ideal I (𝐼 ≠ 𝑁𝑅) is a 𝜅 − 𝑞 − Anti fuzzy normed 

prime ideal of 𝑁𝑅, then the characteristic function 𝜆𝐼 is also a 𝜅 − 𝑞 − Anti fuzzy normed prime ideal. 

Solution: 

 As 𝐼 ≠ 𝑁𝑅, 𝜆𝐼 is a non-constant function on 𝑁𝑅. Let𝐴𝜅 and 𝐵𝜅 be two 𝜅 − 𝑞 − Anti fuzzy 

normed ideals on 𝑁𝑅 such that 𝐴𝜅 °𝐵𝜅 ⊆ 𝜆𝐼, but 𝐴𝜅𝜆𝐼 𝑎𝑛𝑑 𝐵𝜅𝜆𝐼 . 

There exists 𝑥, 𝑦 ∈ 𝑁𝑅 𝑎𝑛𝑑 𝑞 ∈ 𝑄 such that 𝐴𝜅(𝑥, 𝑞) ≤ 𝜆𝐼(𝑥, 𝑞) and 𝐵𝜅(𝑥, 𝑞) ≤ 𝜆𝐼(𝑦, 𝑞). 

In this case, 

 𝐴𝜅(𝑥, 𝑞) ≠ 0 𝑎𝑛𝑑 𝐵𝜅(𝑦, 𝑞) ≠ 0, 𝑏𝑢𝑡 𝜆𝐼(𝑥, 𝑞) = 0 𝑎𝑛𝑑 𝜆𝐼(𝑦, 𝑞) = 0. 

Therefore, 𝑥 ∉ 𝐼, 𝑦 ∉ 𝐼. 

As 𝐼 is a 𝜅 − 𝑞 − Anti fuzzy normed prime ideal, there exists an 𝑟 ∈ 𝑁𝑅 𝑎𝑛𝑑 𝑞 ∈ 𝑄, 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑥𝑟𝑦 ∉

𝐼. 

This is obvious, because if 𝐼 is 𝜅 − 𝑞 − Anti fuzzy normed prime,  

 𝐴𝜅 °𝐵𝜅(𝑥𝑟𝑦, 𝑞) ⊆ 𝐼 ⇒ 𝑜𝑟 𝐵𝜅(𝑟𝑦, 𝑞) ⊆ 𝐼 𝑎𝑛𝑑  therefore as (𝑁𝑅𝑥𝑁𝑅, 𝑞)(𝑁𝑅𝑟𝑦𝑁𝑅, 𝑞) =

(𝑁𝑅𝑥𝑁𝑅, 𝑞)(𝑁𝑅𝑦𝑁𝑅, 𝑞) ⊆ 𝐼, we have either (𝑁𝑅𝑥𝑁𝑅, 𝑞) ⊆ 𝐼 𝑜𝑟 (𝑁𝑅𝑦𝑁𝑅, 𝑞) ⊆ 𝐼. 

Assume (𝑁𝑅𝑥𝑁𝑅, 𝑞) ⊆ 𝐼. Then ((𝑥 𝑥 𝑥), 𝑞) = (𝑥, 𝑞)3 ∈ 𝐼 ⇒ (𝑥, 𝑞) ⊆ 𝐼, but this contradicts with the 

fact that 𝜆𝐼(𝑥, 𝑞) = 0. 

Now let 𝑎 = 𝑥𝑟𝑦. 𝜆𝐼(𝑎, 𝑞) = 0. 

Thus 𝐴𝜅 °𝐵𝜅(𝑎, 𝑞) = 0. On the other hand, 

𝐴𝜅 °𝐵𝜅(𝑎, 𝑞) =
◈

𝑎 = 𝑐𝑑
(𝐴𝜅(𝑐, 𝑞) ∗ 𝐵𝜅(𝑑, 𝑞)) 

≤ 𝐴𝜅(𝑥, 𝑞) ∗ 𝐵𝜅(𝑟𝑦, 𝑞) 

≤ 𝐴𝜅(𝑥, 𝑞) ∗ 𝐵𝜅(𝑦, 𝑞) 
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≤ 0 (𝑎𝑠 𝐴𝜅(𝑥, 𝑞) ≠ 0 𝑎𝑛𝑑 𝐵𝜅(𝑦, 𝑞) ≠ 0). 

This is a contraction, since 𝐴𝜅 °𝐵𝜅(𝑎, 𝑞) = 0. Therefore if 𝐴𝜅 𝑎𝑛𝑑 𝐵𝜅 are 𝜅 − 𝑞 − Anti fuzzy 

normed ideals of a normed ring 𝑁𝑅, 𝑡ℎ𝑒𝑛 𝐴𝜅 °𝐵𝜅 ⊆ 𝜆𝐼 ⇒ 𝐴 ⊆ 𝜆𝐼 𝑜𝑟 𝐵𝜅 ⊆ 𝜆𝐼 . As a result, the 

characteristic function 𝜆𝐼 is a 𝜅 − 𝑞 − Anti fuzzy normed prime ideal. 

Definition 3.3: 

 Let 𝐴𝜅 be a 𝜅 − 𝑞 − Anti fuzzy normed ideal of a normed ring 𝑁𝑅. If 𝐴𝜅 is non-constant and 

for all 𝜅 − 𝑞 − Anti fuzzy normed ideals 𝐵𝜅 of 𝑁𝑅, 𝐴𝜅 ⊆ 𝐵𝜅 implies 𝐴𝜅0
= 𝐵𝜅0

 𝑜𝑟 𝐵 = 𝜆𝑁𝑅, 𝐴𝜅 is 

called a 𝜅 − 𝑞 − Anti fuzzy normed maximal ideal of the normed ring 𝑁𝑅. 𝜅 − 𝑞 − Anti Fuzzy normed 

maximal left (right) ideals are defined similarly. 

Example 3.3.1: 

 Let 𝐴𝜅 be a 𝜅 − 𝑞 − Anti fuzzy normed maximal left (right) ideal of a normed ring 𝑁𝑅. Then, 

𝐴𝜅0
= {𝑥 ∈ 𝑁𝑅 𝑎𝑛𝑑 𝑞 ∈ 𝑄: 𝐴𝜅(𝑥, 𝑞) = 𝐴𝜅(0, 𝑞), } is a Anti fuzzy normed maximal left (right) ideal of  

. 

Lemma 3.4: 

 If 𝐴𝜅 𝑎𝑛𝑑 𝐵𝜅 are a 𝜅 − 𝑞 − Anti fuzzy normed right and a 𝜅 − 𝑞 − Anti fuzzy normed left 

ideal of a normed ring 𝑁𝑅, respectively, 𝐴𝜅 °𝐵𝜅 ⊆ 𝐴𝜅 ∩ 𝐵𝜅 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 (𝐴𝜅 °𝐵𝜅)(𝑥, 𝑞) ≤

(𝐴𝜅 ∩ 𝐵𝜅)(𝑥, 𝑞), ∀ 𝑥 ∈ 𝑁𝑅 𝑎𝑛𝑑 𝑞 ∈ 𝑄. 

Proof: 

 It is shown in Example 2 that if 𝐴𝜅 𝑎𝑛𝑑 𝐵𝜅 are 𝜅 − 𝑞 − Anti fuzzy normed left ideals of 𝑁𝑅, 

then 𝐴𝜅 ∩ 𝐵𝜅 is also a 𝑞 − Anti fuzzy normed left ideal. Now, let 𝐴𝜅 𝑎𝑛𝑑 𝐵𝜅 be a 𝜅 − 𝑞 − Anti fuzzy 

normed right and a 𝜅 − 𝑞 − Anti fuzzy normed left ideal of 𝑁𝑅, respectively. If 𝐴𝜅  °𝐵𝜅(𝑥, 𝑞) = 0,  the 

proof is trivial. 

Let  𝐴𝜅 °𝐵𝜅(𝑥, 𝑞) =
◈

𝑥 = 𝑦𝑧
(𝐴𝜅(𝑦, 𝑞) ∗ 𝐵𝜅(𝑧, 𝑞)). 

As 𝐴𝜅 is a 𝜅 − 𝑞 − Anti fuzzy normed right ideal and 𝐵𝜅 is a 𝜅 − 𝑞 − Anti fuzzy normed left ideal, we 

have 

𝐴𝜅(𝑦, 𝑞) ≤ 𝐴𝜅(𝑦𝑧, 𝑞) = 𝐴𝜅(𝑥, 𝑞) and 𝐵𝜅(𝑦, 𝑞) ≤ 𝐵𝜅(𝑦𝑧, 𝑞) = 𝐵𝜅(𝑥, 𝑞) 

Thus  

(𝐴𝜅 °𝐵)(𝑥, 𝑞) =
◈

𝑥 = 𝑦𝑧
(𝐴𝜅(𝑦, 𝑞) ∗  𝐵𝜅(𝑧, 𝑞)) 

≤ 𝑚𝑎𝑥{𝐴𝜅(𝑥, 𝑞), 𝐵𝜅(𝑥, 𝑞)} 

= (𝐴𝜅 ∩ 𝐵𝜅)(𝑥, 𝑞). 

Theorem 3.5: 

 If 𝐴𝜅 is a 𝜅 − 𝑞 − Anti fuzzy normed left (right) maximal ideal of a normed ring 𝑁𝑅, then 

𝐴𝜅(0, 𝑞) = 1. 

Proof: 

 Assume 𝐴𝜅(0, 𝑞) ≠ 1. 

Let 𝐴𝜅(0) < 𝑡 < 1 and let 𝐵𝜅 be a 𝜅 − 𝑞 − Anti fuzzy subset of 𝑁𝑅 such that 𝐵𝜅(𝑥, 𝑞) = 𝑡 for all 𝑥 ∈

𝑁𝑅 𝑎𝑛𝑑 𝑞 ∈ 𝑄. 𝐵𝜅 is trivially an ideal of 𝑁𝑅. 

Also it is easy to verify that 𝐴𝜅 ⊂ 𝐵𝜅 , 𝐵𝜅 ≠ 𝜆𝑁𝑅 and 𝐵𝜅𝑜 = {𝑥 ∈ 𝑁𝑅 𝑎𝑛𝑑 𝑞 ∈ 𝑄: 𝐵𝜅(𝑥, 𝑞) =

𝐵𝜅(0, 𝑞)} = 𝑁𝑅. 

But, despite the fact that 𝐴𝜅 ⊂ 𝐵𝜅 , 𝐴𝜅0 ≠ 𝐵𝜅0
 and 𝐵𝜅 ≠ 𝜆𝑁𝑅 is a contradiction to the 𝜅 − 𝑞 − Anti 

fuzzy normed minimality of 𝐴𝜅 . 

Thus 𝐴𝜅(0, 𝑞) = 1. 

4. Conclusion 

 In this paper, we defined a 𝜅 − 𝑞 − Anti fuzzy normed ring. Here we examine the algebraic 

properties of 𝜅 − 𝑞 − Anti fuzzy sets in ring structures. Some related notions, the 𝜅 − 𝑞 −fuzzy normed 
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ring homomorphism, 𝜅 − 𝑞 − Anti fuzzy normed subring, 𝜅 − 𝑞 − Anti fuzzy normed ideal , 𝜅 − 𝑞 − 

Anti fuzzy normed prime ideal and 𝜅 − 𝑞 − Anti fuzzy normed prime maximal ideal are proposed. 
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