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Abstract

In the present paper we establish fractional integration and differentiation formullas involving
product of the finite classes of the classical orthogonal polynomials with the general class of
multivariable polynomials.
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1. introduction

The fractional calculus operators involving various special functions has found considerable
importance and applications in various sub-fields of applicable mathematical analysis. Many
applications of fractional calculus can be found in turbulence and fluid dynamics, stochastic
dynamical system, plasma physics and nonlinear control theory, image processing, nonlinear
biological systems, astrophysics, and in quantum mechanics. Since last four decades, a number of
researchers like Agarwal ( [23], [22]), Agarwal and Jain [21], Baleanu [20], Baleanu and Mustafa
[19], Baleanu et al. ( [18],[17]), Kalla [16], Kalla and Saxena [15], Kilbas and Sebastian [14],
Kiryakova ( [13], [12]), Love [11], McBride [10], Purohit and Kalla [8] and Saigo [9]), so forth have
studied, in depth, the properties, applications, and different extensions of various fractional calculus
operators.shekhawat et al [7],[6] , Pandey et al [5] have studied the fractional derivative and
fractional integral of product of special functions, respectivel.Large number of fractional integral
formulas involving product of a variety of special functions have been developed by many authors
([41.[3L.[2].[1D).

The generalization of the hypergeometric fractional integrals and derivative,including the Saigo
operators has been introduced by Marichev[29] and later extended and studied by Saigo and
Maeda[24](p.393)in term of any complex order with Appell function F3(.) in the kernel, as follows
Lete e',6,6), yeCthenforRe(y) >0

(ssaayf)( )_ f (x — )Y 1t~ ng(ee 5,68 y,l—— 1——>f(t)dt

I'(y)
(1.1)
8556 x—g' x —1,—¢ / oo t X
( Vf)() F(y)fo (x—t) 1t F3(e,e,6,6,y,1—;,1—?>f(t)dt
(1.2)

Similarly for Re(y) = 0,k = [Re(y)] +1
( DEE 6,68, yf)(x) _ ( 1€ \—e,—6, —5—yf)(x)
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1 /d x
m(dx) Go* f (e = e

x Fy(—&,—e k=8, =8k —y;1-5,1-%) f(£)dt,(L3)
And

( ss66yf)(x)_(—e—s—(S—B—yf)(x)
d\" —&,—&,~8,~8+k,~y+k
- (-=) (Ix;' BORT Y ()

1
- £ _ k—y—1.¢
Tk -7p) (dx @) ] (t=x)"7t
ng( —e,8,k— 8k — y,l——l——)f(t)dt
(1.4)
where F3(.) denotes Appel function denoted as
Do e (&) (€)n(8)m (8)n x™ x"
F3(£,£,6,6,y,1—— 1——) z Do poerior)
(max{|x|, Iyl} < D.
(1.5)

Power function formulas of fractional integral and derivative operators (1.1)-(1.4) are required for
our present study as given in the following forms
ce s Mty—e—e—-61+6—¢ ey
(1276 ) @ =1 At S Aty —e—eaty—e 8%
(1.6)
Re(y) > 0, (Re(d) > max{0,Re(e + & + 6 —y),Re(s' = §)}),
(5555),/11 —A- )/+€+€ 1—/1+€+5—]/,1 A—6
L, t (x) = F[
1-A4L1—-A+e+e+8—-y,1-21+e-§
x/l—e—e'+y—1(1.7)
(Re(y) > 0,Re(1) < min{Re(—38),Re(e + & —y),Re(e + 5 —y)})
(Dgig,gytl 1 (x )—F[ M—y+e+te+86,1-8+¢ xxl—y+e+e’—1,
A=—8,A—y+e+e,A—y+e+6
(1.8)
(Re(1) > max{0,Re(y —e —& —6&),Re(§ — €)})
(D;fo“yt’l 1 ) :F[1—1+5',1—A+y—£—'e',1—/1+y—'£'—'5
1-AL1—-A4+y—e—¢-4§,1-1—-+6
X x/l—y+s+s’—1(1.9)
R <1+min{RS),R(y—e—€),R(y— —-6))
The symbol occurring in (1.6)-(1.9) is given by

a,b,c T(a)I'(b)I(c)
T A
[d e f F(d)F(e)F(f)( 0)
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An interesting further generalization of the generalized hyper-geometric function in a series
representation is given by[25]

" [(ai;ai)l,m IZ] _ N =1 I'(a; + ka;) i
UGBy, | & T T+ k) K

(1.11)
Where a;, b; € C and o;, §; € R, 03, 6; # 0;i = 1,...,m;j = 1, ..., n and the asymptoticexpansionof
n W, for allvaluesoftheargument x, underthecondition
14X, 6 -2, & >0 (1.12)
Also, were call the following multivariable eneralization of the polynomials S¥ (x)which was
considered by Srivastava and Garg [30]

hikq+-+hyky <L

ki Kk,

kp,ooky x b ox
SL1 (xl' e xr) = z (_L)h1k1+~-~+hrkrA(L; kl; ey kr) kLl' kT I
! r

k1yenky=0

(1.13)
whereas the coefficient A(L; k4, ..., k), (L, k; € No{0},1 = 1, ..., 1) are arbitrary chosen constants,
real or complex. Clearly by setting r = 1 of the polynomialsdefined by (1.13) would correspond to
the polynomials defined by Srivastava [29]. The solution to the differential equation

x(x + Dy () + (2 —p)x + (L + @)y (x) —n(n — 1+ p)y, (x) = 0

(1.14)

is given by the polynomial

[ee]

MPP0) = (-1t Y (PR (TR (o
. (1.15)

with respect to the weight function W, ,(x) = X, (1 + x)~®*9The polynomials given in (1.15) are

orthogonal on [0,1) if and only if p > 2n + 1 andq > —1. The polynomials M,(lp’q) can be related
with hypergeometric functionsas

MPO@) = (0 (1T GRnn+1-pig+ 1-x)
(1.16)
Also the Jacobi polynomials Pn(s“s) can be related as

®.0) 1t p@—p—0) .) (D" (p-ap) (¥ 1
MPD (x) = (=1)"n! P’ (2x+1) & BV =———M, ( . )
(1.17)

Details related to this finite class of classical orthogonal polynomials can be found from

([26].[27],[28])

2 generalized fractional calculus operators involving product of srivastava polynomial and
classic orthogonal polynomial
Theorm2.1tif a;, &,¢,5,5,y,7 € C,Re(y) > 0,Re(r) > maxifD,Re(e + € + & —y),Re(s — §)},if

the condition (1.12) is satisfied ,then the generalized fractional integration IS:; B0 of the product
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finite classes of the classical orthogonal polynomial and M,(l”'q)(. )and the multivariable polynomials
Sfl'""kris given by

£.8,8, —1 ck1,nkyr !
(15,5? Ver-igh (altll,...,art*’)MrEM)(tf»(x)

hiki+-+hyky<L

. allfl affr
= (—1) z (_L)h1k1+-~-+hrkrA(L; kl! ey kr) F e
kq,okr=0 v

X xr—s—£'+y+2§=1 Ajk;—1 Fg+n+1)

Ir—nrad+n-p
e (—n, D), A +n—-p1),(+ 2 4k, )
54 (@+1,1D),(x+8 +X_, Ak, &)
T T
<T+y—£—£'—6+z Aiki,f),<1'+5,—€,+z Aikir’f)

i=1 i=1 |—xf

T r
<T+y—£—£'+z Aiki,f>,<r+y—e'—6+z Aiki,f)
i=1 i=1

(2.1)

LetQ be the left side of (2.1) .Using (1.13) and (1.15), changing the order of the integration,and
summation yields

hik1+-+h, k<L

akt gl
Q= z (—Lngier s AL gy o ) S
k! !

kl,...,kr=0

_ayn P—n—1\(q+N) (16668 r+ek+ST_, Aiki—1
x (=1) n!kZ( e IR (s’ Akt (x)
=0
Forany k = 0,1, ...,n since Re(t + k) > Re(7) > max{0,Re(¢ + £ + 6 —y),Re(¢' — &'} and by

applying (5.1.6), we obtain
hikq{++h, k<L

akt g
1
Q= Z (—Lnyiey+ahok, AL K, '"Jkr)F kr,
1- T
kl,...,k‘,«:O
x (=)™ Fg+n+1) T—e—g +y+Xi_q Aiki—1

I'=n)Ilrd+n-p)
S T(1+n—p+kI(—n+ K@+ Y, Lk + &k)
Z T(@+k+ DI +6 +Y_, Lk + k)

k=0
Ty —e—e =8+ By Ak +EOT(+8 — ¢ + Xy Aiki +80) (—x$)"
Tc+y—e—e+YX_ Ak +ET(+y—e —6+X1_ Lk +&k) k!

(2.2)
interpreting the right-hand side of the above equation (2.2), in view of the definition (1.11), we arrive
at the result (2.1).
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Theorm2.2ifa;, ,€,58,8,y,7 € C,Re(y) > 0,Re(1 —y —) < 1 + mini{Re(—35),Re(e + €
¥).Re(e + & — vy).if the condition (1.12) is satisfied ,then the gensralized fractional integration

I(‘i’i 955 of the product finite classes of the classical orthogonal ponnomiaIsM,S”'Q)(.) and

multivariable polynomials Sfl""’kr (.)is given by
(Is,e ,6,6 ,yt_y_TSlljtl,...,kr (alt’ll, .,y tlr)MT(lP'q)(l/tf)> (x)

X,00

hy+th k<L ) f

. all arr

= (=1) Z (=L nsier st A o )
k!
k1,oky=0
X x_T—S—SV'i‘Z‘{:l Aiki
I'(g+n+1) (—n,1), A+n—-p, 1, (e+& +1-Y"_; 2k, )
r(-mf(l+n-p) > (q+11),(y +7—X_; Lk, &)

(e+8 +1—2q Lk, ©),(y—6+1—XI_1 Lki, &) 1]

(€46 +T1=Y"_, Lk, &), y+e—-6+1=Y"_, Lk, xf
(2.3)

Proof On using (1.13) and (1.15), the left-hand side of (2.3) and changing the order of the integration
and summation can be written as:

hikq++h k<L k K
a11 arr
Q= (_L)h1k1+~-~+hrkrA(L; kl""JkT‘)_'"' "
k! "k, !
kl,...,kr=0

o]

w7 (e o

k
k=0
which on using the image formula (1.7), arrive at
hiki++h, k<L kq k.,
— . 4 Gr e
Q= (_L)hlk1+"'+hrkrA(L’ kl' ,kr)FFX

1. T

kl,...,kr=0
% (=1)" I'lg+n+1) CEr Ak

Ir—n)Ir'cd+n-p)
i TA+n—p+kI(-n+kT(e+e +1—3Y"_, Lk; + k)
IF(@q+k+DI(y+1—-X_ Lk + k)

k=0
L T8 47— %0 Ak + EOTG =8+ 7= By ki +ER) (—x%)"
Ie+e+8+t—Y_ Ak +ERT(y+e—-8+1—-21_; ik, +¢k) k!

(2.4)

Interpreting the right-hand side of(2.4),in view o f the efinition (1.11), we arrive at the result (2.3).
Corollary2.1. Let, Re(y) > 0,Re(1 —y —) < 1+ minifRe(—6),Re(e + & —y),Re(e + 5 =)},

If we reduce S, to unity 1 in (2.1),then the generalized fractional integration 2 >° " of the

finite classes of the classical orthogonal polynomials M,(lp’q) is given by
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I'g+n+1)
r—nr{d+n-p
(—n, 1),(1+n—p,l),(r,f),(‘r+y—e—e'—5,.{),(1+6'—g',{)'_xE

(q+1,1D),(x+6,8),x+y—e—¢c,8),T+y—& -6,

(Is,s ,6,6 ,]/tr—er(lPJQ) (tf)) (x) — (_1)nxr—£—s’+y—1

0,x

X5 14
(2.5)
Corollar.2.2 let Re(y) > 0,Re(t) > maxi{D,Re(¢ + £ + 6 —y),Re(e' — 5)})
If we reduce Sfl""'krto unity 1 in (2.3) then the generalized fractional integration I;'fo"s"s ¥ of the

finite classes of the classical orthogonal polynomials Mflp'q) is given by
‘55 I'lq+n+1)
Ig's '6'6 Y —)/—TM(p'q) 1 tf ) — _1 n
(xrw M (1/6) ) ) = (=) T(—mICd +n—p)
(—n,1),1+n-p1), 18, G@T+y—c—€-68,r+5 - s’,€)|
(q + 1;1); (T + 6,,5), (T + Yy —€&€— E,'{T)l (T + Y — S' - 6:5) *

’
—T—&—€&

X5 Py

(2.6)
Theorem2.3. let &,£,8,68,y,7, € C such that Re(y) > 0, Further,let the constants satisfy the
condition a;, b; € C,ande;, §; € R, and g;,8; # 0;i =1, ...,p;j = 1,..., q such that condition (1.12)
is also satisfied.
Then the generalized fractional derivative of the product finite class of the classical orthogonal
polynomials and multivariable polynomials is given by

(D9 st (PP ()) 0

k
D _
1, k=0 kq k,

a a
= (—1)11 Z (_L)h1k1+~-~+hrkrA(L; kl,...,kr)ﬁ“.kr'
kikq++h k<L 1: re

I'lg+n+1)

X xr+e+e'—y+2§=1 Aiki—1
I'(—n)I'(1+n-p)

(—n,1), A +n-p1), T+ X Ak, $)
SV (410, - 5+ T, Ak D)
T—y+e+e+8+X_ 4k, 8, T—6+e+Y_; Lk, &)
(t—y+e+e+X_ Lk, O, T—y+e+6+X_, Lk, §) —
(2.7)
Proof On using (1.13) and (1.15), writing the function in the series form, the left-hand side of (2.7),

le
hiky++hyk,<L

kq ky
a a,
@= Z (_L)h1k1+"~+hrkrA(L; ki,...k.)—..
k! k!
kl,...,krzo
—1)"n! pon-Iy@+n —&,—e,—=0',—8,~y THk+Xi—q Aiki—1
x (=1 nkZO( k )(n—k)(lo,x ¢ ) )(x)

Now upon using the image formulas (1.8), which is valid under the condition stated with Theorem
2.3 we obtain
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hokq+othyky<L ke k

a a.’”

Q= (~1)" Z (~Diytes e AL e, o k) T 7
kq,er=0 = B

I'(q+n+1)
Ir'(—n)Ir(1+n-p)
i Fl+n—p+I(—n+ k(T + X1 Lk + k)
I(g+k+DI(—6+X_; Ak +¢&k)

x xT—y+£+s’+Z§:1 Aiki—1

k=0
y Ft—y+e+e+6+X_ ki + &) (Tt -6+ e+ X, Lk + k) (—xf)k
Fe—y4+e+e+X_ Lk +ET(t—y+e+6+X_ Liki+¢k) k!

(2.8)
Interpreting the right hand side of the above equation(2.8) ,In view of the definition (1.11), we arrive
at the result(2.7).

Theorem 2.4.ifa;, &,€,8,8,y,t € C, The generalized fractional derivative D;:i,a,a',y of the
product finite classes of the classical orthogonal polynomials M,(f”q)and multi variable polynomials
givenby Sf’l""'kr

(D,f,’f;"s"g"y tV‘TSfl'""k" (ar;th, ..., a, t’lr)M,(Lp’q)(l/tf)> (x)

kykr<L kq K

n a;” a’

= (—1) Z (_L)h1k1+-~-+hrkrA(L; kl' ,kr)F T
Ky kq ok, =0 L

I'g+n+1)
Ir=n)Ir{d+n-p)
(—n,1),(1+n—p1),(t—e—¢ — X1 k&)

x g~ Trete +Tig Aik;

X
Vi (q+ 10, G~y = Ziey ki)
(T—5'—5—2¥=1 Aiki, &), (T—y +6 — i=1 Aiki, §) _i
(t—e—¢ -6~ Yioq Aiki, O, (t—y — g+8 - Yiz1 Aiki §) x$
(2.9)
Proof: On using(1.13)and(1.15),theleft-handsideof(2.9)canbewrittenas:
hiki+-+h k<L k k
a11 ar‘r
0= Y Dt A k)
ki! k!
kl,...,k‘,«:O
oy (L (e
k=0
which on using the image formula (1.9), we arrive at
fi1k1+ -+ k<L k k
a;! a,” :
Q= Z (=LY gty ot e AL Kg,y oo ) 2 s xTHEHE
T ki! k!
kl,...,kr=0
X (=) flg+n+D) xZi=14iki

Ir—n)I'd+n-p)
S T(A4+n—-p+ kI (—n+kI(t—e—¢ =¥, ALk +&k)
% Z T(@+k+DI(t—y -y, Ak +&k)

k=0
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D(t—& —8— Y0y Ak + T (T —y + 8 — 2y Lik; + £k)
Fr—e—¢&—=0—-X_ Ak +ET(T—y—¢& +8 — X Ak +&k)

(=x9)"

k!
(2.10)

Interpreting the right-hand side of (2.10), in view of the definition (1.11), we arrive at the result
(2.9).
Corollary2.3. If we reduce Sfl""'kr to unity 1 in (2.7) .the The generalized fractional derivative

Dg;j"s"” of the product of finite classes of the classical orthogonal polynomials M,(f”q) is given by
55 I'(q+n+1)
£,8.6,8% pr—1 3,00 (1& ) — (1)
(DO"‘ v My (t )@ =D r—n)I'd+n-p) X
(—n,1),(1+n-p1), (1,8, T—y+e+e+85,8),(T—-56+¢78)
(@+11),@ =68, (t—y+e+e,8),T—y+e+6,8)

T+e+e'—y—1

X 5Py |—x¢

(2.11)
Corollary2.4. . If we reduce Sfl"""‘r to unity 1 in (2.9) .then The generalized fractional derivative

DEE90Y of the product of finite classes of the classical orthogonal polynomials Mr(f”q) is givenby

X,00
e I'(g+n+1) ,
De,e,5,5 .Vty—TM(P’Q) 1/¢¢ ) = (=1)" —T+ete

(D, (1+n-p1),(T—e—¢6,8),ad—-68,t—y+6,8 1]
X5 Py w3

@+110),(t-78),(t—e—&—88,c-y—¢£+68,9 xt

(2.12)
3 Special cases
COROLLARY3.11if we If we pute = £ + 6, = 0,6 = —nand andy = &in theorm 2.1then for
x>0 the following formula holds true

(oot et . e W) 6

feq sk, <L ky i
n al arr
= (—1) (_L)/21k1+~-~+/zrkrA(L; kl""JkT)_"'
e k! k!
1renllyr=

1(g+n+1)

X T—5+Z‘{:1 likl’—l
x T(—)(1+n—p)

(=0, D), A +n—=p, D=8 +n+Xi 4k, §), (T + Ximg Ak ) |,
+¥s3 (@+11D),c—-8+2_14ik,§), (t+e+n+ 214k, ) |- l
3.1)
COROLLARY3.2 Ifwepute =&+ 68, = 0,5 = —nand andy = ¢ in theorm 2.2.then for x > 0,
the following formula holds true

(I,ffo'” £ TSI (g th, L a A ) MPD (17t )) (x)
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fikyttrpky <L K

a akr
- (=1)" Z (=LYt bop i AL Ry o ) T 2
! T
Kq,er=0

I'lg+n+1) (—n,1),(1+n-p,1)
r(-mr+n-p),"" (¢ +11),

<e+6+r—z Aiki,5>,<e+n+r—z /L-kl-,§’>
i=1 i=1

(£+T—z Aiki,5>,<2$+5+n+r—z /L-kl-,f)
i=1 i=1

X x‘['—6+2?:1 Aiki

¢

(3.2
4 Conclusion
Thus ,the generalized fractional integral and derivative operators derived in this paper are capable of
being applied to diverse polynomial systems in one ,two ,and more variables.By assigning
appropriate special values to the coefficient occurring in the definition(1.13) ,the polynomials can be
reduced not only to the different classical orthogonal polynomials such as the Jacobi polynomial,
Hermite polynomials and Leguerre polynomials but also to the Bessel polynomials, the generalized
heat polynomials, the Konhauser biorthogonal polynomials, the generalized hypergeometric
polynomials of Bateman, Brafmen, Fesenmyer, Gould-Hopper, Rice, Sylvester, and soon.
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