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ABSTACT: We define two subclasses of the class of Pascu functions. For any real p, we are

interested in determiningthe upper bound of|a,a, —aZ|for an analytic function
f(z)=z+a,2% +a,2* + ———— (|2 < 1) belonging to theseclasses.
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1. INTRODUCTION AND DEFINITION:

PRINCIPLES OF SUBORDINATION:Let f(z) and F(z)be two analytic functions in the

unit disc E ={z:|z| <1}. Then, f(z) is said to be subordinate to F(z) in the unit disc E if
there exists an analytic function W(z) in E satisfying the condition W(O): O, |W(z] <1 such

that f(2)=FW2) and we write as T (2) < F(2) 1 particular if F(z) is univalent in D, the

above definition is equivalent to f(0)=F(0)and  f(E)c F(E).

FUNCTIONS WITH POSITIVE REAL PART: Let P denotes the class of analytic

functions of the form

(1.1) P(z)=1+ p,z+ p,2° +.ovoons
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with ReP(z)>0,zeD.
Let A denote the class of functions of the form

(1.2) f(z)=z+> a.z"

which are analytic in the open unit disc D ={z Z‘Z‘ <1}

S is the class of functions of the form (1.2) which are univalent.

The Hankel determinant: ([9],[10])

Let f(z)=) a,z"beanalyticin D.For q>1, the qth Hankel determinant is defined by

n=0

an n+Lsreees n+gq-1
H q (n) = an+1 n+2t0e an+q
a'n+q—1 n+q "ttt a‘n+2q—2

The Hankel determinant was studied by various authors including Hayman[3] and Ch.
Pommerenke([13],[14]). For g= 2 and n = 2, the second Hankel determinant for the analytic

function f(z) is defined by

a, a

2 a, :(a2a4—a32)

H, (2) =
R, represents the class of functions f (Z) € Aand satisfying the condition
z

(1.3) Re{iz)} >0,zeD.

R, is a particular case of the class of close to star function defined by Reade[17]. The class

R,and its subclasses were vastly studied by several authors including Mac-Gregor[7].

Let R be the class of functions T (z)€ Aang satisfying

(1.4) Ref'(z)>0,zeD.
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The class R was introduced by Noshiro [11] and Warschawski[18] ( known as N-W class)
and it was shown by them thatRis a class of univalent functions. The class Rand its

subclasses were investigated by various authors including Goel and the author ([1],[2]).

For >0 R/(x) and R,(xr) denote the classes of functions in Awhich satisfy,

respectively, the conditions

(1.5) Re{(l—a)@+af '(z)} >0,zeD
and
(1.6) Re[f'(z)+ozf "(z)] >0, ze D

The classes Rl(a) and R, (a)were introduced by Pascu [12] and are called Pascu classes of

functions. It is obvious that f(z)e R,(cx)  implies that zf '(z) e R, ().

We shall deal with the following classes

Rl(a;A,B)z{f eA:[(l—a)@+af’(z)<l+Az,aZO,—ls B<A<lze D}}
z 1+Bz

1.7)

and

1+ Az
1+ Bz

(1.8) R,(a; A, B):{f = A:[f’(z)+azf "(z) < ,a>0-1<B<A<lze D}}

R(el-1)=R(a) and R,(@l-1)=R,(a).R(a;AB)is a subclass of R,(a) and
R,(c; A B) is a sublass of R, (a). The classes R,(a; A B) and R, (a; A, B) were studied by

the author[8]. Througout the paper, we assume that « >0,-1<B < A<land zeD.
1. PRELIMINARY LEMMAS

Lemma 2.1 [15]. Let P(z)eP(z), then
Ip,|<2(n=123.)
Lemma 2.2 [5]. Let P(z)eP(z), then

2p, = pZ+(4-pZ)x,
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3 2 2,2 2 2
4p; =p, +2p1(4_ P, )X_ p1(4_ Py )X +2(4_ Py X1_|X| )Z
for some x and z with [x|<1,|z/<1and p, €[0,2].

2. MAIN RESULTS

Theorem 3.1:Let f e R (a; A B), then

‘azaA—,uasz‘S
_(1—sz {3(1+2a)2—2,u(1+a)(1+3a)}2 _ bu it <0:
- A-B) | 2(L+a)i+3a)l+2a) {1+ 2a) - ul+a)i+3a)] (+2a) |
[1—3 H B+ 20) - 41+ a )i+ 3a)] L ]
A-B 20+ a)1+3a)1+ 2a)2 {(1+ 20{)2 —u(l+a)l+ 30{)} 1+ 2a)2
(3.2) + 20
ifOSﬂS%;
1-8Y| 4w | 3a+22f _ _ 30+2a)
(33 (A—Bj _(1+;a)2}f 4(1+a)(1+3a)‘”‘2(1+a)(1+3a)’
(1-5}2_ fult+ o)1+ 32)- 30+ 20 | L4
(34) |\A-B) | 20+ o)1+ 3a)1+ 2a) Wl + o)1 +3a)- 1+ 2a)' | (L+2a)
. 301+ 2a)
Ao+ o)+ 3a)

Proof. By definition of subordination,

(1_05)%2)% ’(z):%,

Taking real parts,

Re{(l— a)@ +of '(z)} _ Re{i""(z)}

z 1+ Bw(z)
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Zl—Al’>ﬂ (|z|:r)
1-Br 1-B

which implies that

(35) 1+ i‘ BB 1+ a)a,z +(1+2a)a,2° + (1+3a)a,z° +..]= P(z) .

Equating the coefficients in (3.5), we get

. _(1—8] P,
" A-B){1+a)
(1-B) p,
(3.6) ag_(A—Bj@+2a)
. _(1—8) P,
" A-B)({1+3a)

System (3.6) ensures that

(3.7) C(a)(a2a4 - ﬂag ): (1+ Za)z p,(4p;) - ,u(l"' a)(l"' 305)(2 P, )2 '

(3.8) CQO=4(?:§)(l+amﬁ3aﬁﬁ2ay.

Using Lemma 2.2 in (3.7), we obtain

ClaNasa, - 1@l )= 1+ 2a) p,|p3 +2p,(4— p? Jx— p, (8 p? ) +2(a— p2 Ju-[x" k]
— ull+ a1+ 3a)p? + (4 - p? x|

for some x and z with [x| <1, [z| <1. or

(39) Cla)aa, —a2)=|1+2a) - ul+a)i+3a)p;

+ 2[(1+ 2a) — ull+a)l+ Ba)]pf (4~ pZ)x

~(a-p2fla+2a) - ul+ a)i+3a))p? + 4ull+ )i+ 3a))?
+2(1+2a) py(a- p2 - )

Replacing p,by p €[0,2] and applying triangular inequality to (3.9), we get
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0+ 20F - 41+ @)1+ 3) p* + 21+ 20 ) - L+ @)1+ 3a ) p?(4- p? )5

Cla)aa, - al| <+ (4= p?) [1+20) - ull+ o)L+ 3a) [p? +[4u/L+ @ )i+ 3a)p?

+2(1+2a) pla—p?J1-62) (5 =|¥ <1)

which can be put in the form

[+ 20 - 41+ @)1+ 3a)|p* + 20+ 22 ) pla— p?)

+2{+ 2a) - p(+ @)1+ 3a)p?(a- p? s

+(4-p?fa+20) - u+ a)i+3a)p? - 4u(+ )i+ 3a)-2pA+ 2a) |5
ifu <0;

[(1+ 2a)? — u(l+ a)(1+3a)]p4 +20+2a) p(4— pz)
+2{0+ 2a) - p+ @)1+ 3a)p?(a- p? s

Clafasa, - al] < +(4-p?fa+20) - u@+ a)i+3a)p? + 4u(l+ @)1+ 3a) - 2p+ 20 ) 5?

(3.10)

. 1+2a)?
fo<puy<s—_—"~2
NS o) 3a)

[+ a)a+3a)-@+2a) |p* + 20+ 22 ) pla— p?)
+2[u+ a1+ 3a) - L+ 2a) Jp?(a— p? 5
+(4- p? N+ @)1+ 3a) - A+ 2a) Jp? + 4u(l+ @)1+ 3a) - 2p(L+ 20 ) 5*

it > @+2a)
T @+ a)l+3a)

F(5).

F'(6)>0 and therefore F(5) is increasing in [0,1]. F(&)attains its maximum value at 5 =1.

(3.10) reduces to

Cla)a,a, - uaj|<

[0+ 20 - pa+ oo+ 3a)|p* + 20+ 20 - pl1+ @Yo+ 3a)|p? (4 - p?)
(8- 2+ 20) - 4+ @)1+ 3a)lp? - 41+ @)1+ 30 <0;

[0+ 20 - pla+ a)a+3a)|p* + 20+ 20 - pla+ @Yo+ 3a)|p? (4 - p?)
(1+2a)*

wla= oo 20 - ltr o 3a)p” + 4ular s B0 s

[0+ a)i+3a) - @+ 20 ) [o* + 2+ a )i+ 3a) - @+ 20 [p? (4 - p?)

+(a- IOZ{{#(HO!)(l+ 30)- 1+ 2a) Jp’ +4ﬂ(1+“)(1+3“)’””2(1£1a+)(%
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= G(p) or

(3.11) C(oe]aza4 —yaﬂ < maxG(p),

Case (i) u<0

G(p)=—2|(1+2a) — L+ )1+3a)|p* + 4|31+ 20 — 244(1+ &)1+ 3cx)|p? —16(1+ e Y1+ 3 )us

G(p)is maximum for

G'(p)=-8|1+2a ) — u(1+ ar\1+3a)|p* + 831+ 2} — 201+ ar Y1+ 3)|p =0

31+ 2a) — 241+ )1+ 3cx)
1+ 2a) - pl+a)1+3a)]

which impliesthat P = \/

Putting the corresponding value of G(p) along with C(«) from (3.8) in (3.11), we get
31)

(1+2a)?

C in0< y<-—_—~__
ase (0= 1= i+ 30)

G(p)=-2|1+2a)* — p(L+ &)1+ 3a)|p* + a3+ 20 — 4p(L+ &)1+ 3a)|p? +16(L+ )1+ 3a )

31+ 2a)’
(1+ a)(1+ 3a)

Sub-case () 0< u< 1

It is easy to see that G(p) is maximum at

. \/ 3(1+2a) —4ul+a)1+3a)
l(1+ 26!)2 - ,u(1+ a)(1+ 3a)J

Substituting the corresponding value of G(p) and the value of C() in (3.11), (3.2) follows

31+ 2a)? (1+2a)?

Sub- b <py< =t
ub-case (0) i oVis30) =X = Wt )i 32)
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G'(p)<0 and G(p) is maximum at p=0
In this sub-case max G(p)=16(1+ a Y1+ 3c )u.

1+ 2a)®
W o)L 3a)

Case (iii)

G(p)=—2|u1+ a)1+3a) - 1+ 2a) |o* + 4241+ &)1+ 3a) - 3(1L+ 2} [p? +16(L+ e Y1+ 3 )

(1+2a)? 31+ 2a)®
Cra)ir3a) “ " 20+ o)+ 3a)

Sub-case (a)

G'(p)< 0 and maximum G(p)=G(0)=16(1+a Y1+ 3a)u
Combining the cases (ii)-(b) and (iii)-(a) we arrive at (3.3)

31+ 2a)’

Sub- b >
ub-case (0) 4= o i+ 30)

2u(l+ o)1+ 3a) - 31+ 2a)’
Lu(1+ a)(1+ 3a)— (1+ 2a)2J

A simple calculus shows that G(p)is maximum at p = \/

Substituting the corresponding value of G(p) and the value of C() in (3.11), (3.4) follows
Remark 3.1Put A=1 and B= -1 in the theorem we get the estimates for the class R, («).
Taking A=1, B=-1and « =0 in the theorem we have

Corollary 3.1 If f e R, then

3-2u)
(2(1_'2) —A4u, u<0;
2

(3_4ﬂ) +4,u,0£,u£§;
a,a, — 83| < 201~ p) 4

A<y <3

pySHES

2u-3)

(2’&_1)) +4u,u>—
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Letting A=1,B=-1and a =1 we get

Corollary 3.2 If f e R, then

2
(27-164) A g,
1449-8u) 9

2
M_{_Ll_’u’og Szl

a8, -yl < 1449-8u) 9 32

by 27 27 ..
_,_Sﬂg_”
9 '32 16

2
(164 —27) S 20
14481 -9) 9 16

Thisresults was proved by Jantenget al [4]

Theorem 3.2Let f € R,(a; A B) , then

2
a2a4—;ﬁ3‘£
(312 [r1-3 2701+ 22} - 1601+ a1+ 32} TR
\A-B/ | 1441+ a)l+3a)ll+2a) B+ 22) -8ull+a)l+32) |} o(1+2a) |
ifu <0;
c13) [(1=8)] {271+ 22 - 3241+ a1+ 3a | R
\A-B/ | 1441+a)l+3a)l+ 2a) B+ 2a) -Bul+ a)fl+3a) 9(1+2a) |
T < B B
Fogps_2it22)
| 31+ afl+3x)
W1-B%[ 4u |
G109 | 375 [si=2ar
L. 2M1+2af . 271+ 2
i -

Y asan-sz) T lelca-a)

315 [(1=8] [6u(1+ @)1+ 3a)- 271+ 2aF | L 4
\A-B/ | 1441+ a)1+32)1+ 2a ) el + @1+ 3a)-9(1+ 2a )| 91+ 2af

|
271+ 2a)f
STy e

L

Proof.We have

_1+ Aw(z)

f'(z)+ ozf "(2) L+ Bu(2)
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Taking real parts,

Rel '(2)+ aaf "<z>1:R{1+AW<z>}>1—Ar 1-A

1+Bw(z) | 1-Br 1-B (zl=")
This implies that

(3.16) 1+(1\_ E;J[Z(LL a)a,z +3(1+2a)a,z’ + 41+ 3a)a,z’ +....... ]= P(z)

Identifying the terms in (3.16), we get

. _[A-B)
> \1-B )20+a)
A-B) p,
3.17 =
(3.17) i 3(1+2a)
. _(A-B)_ps
* 7 1-B J4(1+3a)

System (3.17) yields

(3.18) Cla)a,a, —@2)=9(1+2a) p,(4p,)-8ull+a)L+32)2p,),
2

(3.19) C(a)= [%j [288(1+ a)1+3a )1+ 2a)2]

By Lemma 2.2, (3.19) can be written as

Cla)aa, —raZ)=9(+2a) p,[pf +2p,(4— p2 x— p,(4— p2 )k + 204~ p? fu—[x" )

—8u(l+a)l+ 305)[p12 + (4— p’ )x]2
for some x and z with |x| <1,|z| <1.

or
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(3.20) Cla)a,a, — a2 ) =9+ 2a)° —8u(1+ )1+ 3a)|p;

+200(1+ 20 ~8u(L+ a1+ 3a)|p? (4 - p2
—(a— p2 |+ 20 —8u(1+ a)1+3a)+ 3201+ cr Y1+ 3¢
+18(01+ 20 p,(a - p2 Yi—|x’ )z
Replacing p,bype [O,Z]and applying triangular inequality to (3.20), we get

Cla)a,a, - @] <[9(L+ 2a)° ~8u(1l+ )L+ 3ar)p*
2901+ 20 ) ~8ul+af1+3ar)p*(4 - p* 5

+(a=p?) o+ 20 ) —8u(l+ )1+ 3a) [p? +[324(1+ )1+ 3a )52

+18(1+ 2a) pla— p? fi—[s?) . (5 =[x <1)

which can be put in the form

o+ 20 ) —8u(1+a)1+3a)|p* +181+ 2a) p(a- p?)

+ 200+ 2 )’ — 8L+ a1+ 3a)|p (4 p2)s

(- 2{{9(“ 2a) —8u(l+ar)1+3a)p? —32u(1+ Y1+ 30‘)}52”/1 <o
-181+2a)p

o+ 20 —8u@+ a1+ 3a)]p* +18(+2a) p(4— p?)

+ 2[00+ 200 ) —8u(+ Y1+ 3)]p2 (4 — p?)s

(a- 2{{9(“ 2a)? —8u(l+a)l+ 3a)}p2 +32u(l+a )1+ 30)}52

~18(1+2a)’ p
_+2a)
81+ a)1l+3e)’

C(ajaZa4 —/Ja:f‘ <

ifo< u<

8@+ &)1+ 3a)—9(1+ 2a ) [p* +18(1+ 2 ) p(a - p?)

+2[Bu+ o)1+ 3a) -9+ 2a) |p2 (4 p2)s

(a- pz{{8y(1+ a)1+3a)— 91+ 2a ) }p? +32u1+ a )1+ 3a):|52
—18@1+2a)p

91+ 2a)’

ify > erea)
T2 0+ @)L+ 3a)
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- Flo)

F'(5)>0 which means that F(5) is increasing in [0, 1] and

F(&)attains maximum value at 5 =1

(3.21) reducesto

[0+ 2 ) ~8u(1+ )1+ 3a)|p* + 2o(L+ 20 ) 81+ @)1+ 3a)|p?(4- p?)
+(a-p2 )o@+ 20 ) ~ 8L+ a1+ 3)}p? — 3201+ )1+ 30 )} i < O;

[0+ 2 ) ~8u(1+ &)1+ 3a)|p* + 2oL+ 2 ) ~8u(1+ )1+ 3a)p?(4 - p?))
+ (4= p2)|o+ 20 —8ul+ a1+ 30)|p? +32u(1+ )1+ 3a)|

AL+2a)
1+ a)1+3a)

C(“)Kaza4 _ﬂagl <qif0< U< 3

8141+ Y1+ 3cr) - 91+ 20} [p* + 2B 1+ Y1+ 3cx) - 91+ 2 [p? (4 - p?)
+(4— p21{8,u(1+ a)1+3a)-9(1+ Za)z}pz +32u(1+ 0‘)(1““3“)]

9L+ 2a)
8(1+ a)(1+ 30{)'

ife >

or

(3.22) C(a)(a,a,—raz)] <G(p).

Case (i) < 0

G(p) =290+ 2a} ~8uu(1+ e )1+ 3a)|p* + 4271+ 2 ~1644(1+ &)1+ 3a)|p?
+128(1+ a1+ 30 )u -

G(p) is maximum for

G'(p)=—89(1+2a ) —8u(1+ ar\i+3a)|p® +8[27(1+ 220 )° —1644(1+ &)1+ 3)|p =0
which gives
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B \/27(1+ 20 —16u(1+a Y1+ 3c)
- 1+ 2a) —8ul+a)l+3a) .

Putting the corresponding value of G(p)along with the value of C(e) from (3.19) in (3.22),
we get (3.12).

1+ 2a )
(1+a)1+3a)

Case ()0 u < 5

G(p) =290+ 22 )* —8u(1+ar\i+3a)|p* +a27(1+ 2a ) —324(1+ &1+ 3cx) |
+128(1+ a 1+ 3a )u

27(1+ 2a )’
32(1+ )1+ 3a)

Sub-case (a)0< u <

An elementary calculus shows that G(p)is maximum at

B \/27(1+ 20 —32u(l+ o \1+3a)
- 1+ 2a)* —8ull+a)l+3a)

With the corresponding value of G(p) along with the value of C(a) in (3.22) , we arrive at
(3.13).

27(1+ 2a )’
32(1+ o)1+ 3a)

9L+ 2a)
8(L+a)1+3a)

Sub-case (b) <u<

G'(p)<0 and G(p) is maximumat p=0 .
max G(p)=G(0) =128+ o 1+ 3 .

1+ 2a)
1+ a)l+3a)

Case (iii)uz8

G(p)=—2[Bu(l+a)1+3c)— 91+ 2} [p* + 611+ N1+ 3ar)— 27(1+ 220 |p?
+1281+ a )1+ 3a)u.
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9L+ 2a)
1+ )1+ 3a)

2701+ 2a)?
16(1+ a )1+ 3a)

Sub-case(a) g <u<

G'(p)< 0 and MaxG(p)=G(0)=1281+ a )1+ 3cx )z .
Combining the cases (ii-b) and (iii-a), (3.14) follows.

27(1+ 2a )’

Sub- b) 1>
b-case (0) 42 e+ oY1t 3a)

1641+ a)1+3a)-27(1+ 2a )’
8ul+a)1+3a)-91+2a)

An easy calculation shows that G(p) is maximum at p :\/

Substituting the corresponding value of G(p) along with the value of C(a) in (3.22), we
obtain (3.15).

Remark 3.2 Putting A=1 and B= -1 in the theorem we get the estimates for the class
Rz(a).

Remark 3.3 Letting A =1,B= —1and « =0 inthe theorem, corollary 3.2 follows.
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