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Abstract

In this paper, we introduce and study the notions of agy - H -closed sets and (agH, ) -
continuous functions in hereditary generalized topological spaces. Also we obtain a
decomposition of (an, 4) -continuity and (on, 4) -continuity on a hereditary generalized
topological space.

1 Introduction

In the year 2002, Csaszar [1] introduced very usefull notions of generalized topology
(G.T.) and generalized continuity. A subset A of a space (Z, W) is 4 - a-open [2],
if A ciucuip(A) . Let us denote by a(u) that of all pu - a -open sets. The - a -interior
[2] of a subset A of a G.T.S. (Z,n) denote by i.(A),is defined by the union of all
M - a -open sets of (Z, u) contained A. A subsetA of (Z, u) is said to be agy, -closed
[5], if ca(A) €M whenever A ¢ M and M is pu -open in (X, i) . A nonempty family H
of subsets of Z is said to be a hereditary class [3], if A€eH and M c A, then M eH. A
G.T.S. (Z, n) witha hereditary class H is hereditary generalized topological space
(H.G.T.S.) and denoted by (Z,u4,H). Foreach Ac X, A\(H,p)={zeX :ANM EH for
every M € p such that z € M} [3]. For A c Z, define cjy(A) = AUA(H, 1) and p
={AcZ:Z-A=cu(Z-A)} Let A beasubsetof HG.T.S. (Z u H) isa-H-open
[3D), if A ciucpin(A)). Amap f:(Z,p) — (W, 1) is (4, 4)-continuous
0Keywords . agu- H-closed sets, (agh, 4) -continuous functions.
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Decomposition of (aw, A) -continuity

[1] (resp. (o, A) -continuous [4], (e, A)-continuous [4]), if for each 1 -open set M
inW, f(M) is p-open (resp. p-o-open, W -a-open) in (Z, Q).

Lemma 1.1. [[2], Lemma 2.2] Let (Z,1) be a G.T.S. Forany L c Z, we have

1. Ia(l—) =L N ipCuip(L).

2 oagu-H-closed

Definition 2.1. A subset A of a hereditary generalized topological space (X, u, H)
is said to be a-H-closed, if A® is a-H-open.

Definition 2.2. Let A be a subset of a hereditary generalized topological space
(X, 1, H). Then in(A) is the union of all o-H-open set contained in A.

Propositon 2.3. Let A be a subset of a hereditary generalized topological space
(X, IJ, H) Then iaH(A) = A ﬂ IUCHIU(A)

Proof. Let A be a subset of a hereditary generalized topological space (X, u, H).
Then A Niucjin(A) < iucpin(A)

= in(Cp(inA NinCcpa(in(A))))))

= in(Cp(in(in(A) Ncp(in(A)))))

= in(Cp(in(iu(A)))) Niu(cp(in(A)))

S in(c —pr(in(A N (in(A))))))-

Hence ANiu(cju(in(A))) isan a-H-openin (X, u, H) and contained in A. Thus,
A Niu(Cp(in(A)) Cian(A).

Now i.H(A) is a-H-openin (X, u, H). Therefore

lar (A) Clan(A) Niu(cp(in(A)))

< ANiu(cu(in(A))).

Hence ia(A) = A Niucjuin(A).

Definition 2.4. Let A be a subset of a hereditary generalized topological space
(X, 1, H). Then c.H(A) is intersection of all a-H-closed set containig A.
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DECOMPOSITION OF (an,4)-CONTINUITY

Propositon 2.5. Let A be a suset of a hereditary generalized topological space
(X, 1, H). Then can(A) = AUcpuijicu(A).

Proof. Let A be a suset of a hereditary generalized topological space (X, u, H).
Then

Cu(ip (cu(A U cu(ipn(cu(A))))) = culijn(cu(A))) U cu(ija(cu(A)))

= cu(iu(Cu(A)))

< AUCu(ipu(cu(A))).

Now, Aucu(ip(cu(A))) is a-H-closed.

Hence car(A) < cu(iju(cu(A))).

Now, cu(ij(cu(A))) € culiji(Cu(Cari(A))) S cari(A).

= AUcu(ip(cu(A) S AucaH(A) = can(A) Thus, A UCaH(A) S Car(A).

Hence car(A) = A UcuijiCu(A).

Definition 2.6. Let (X, 1, H) be a hereditary generalized topological space. A subset A of X is
said to be agy-H-closed if c.H(A) €M whenever AC M and M isp-open.

Theorem 2.7. Every p-closed set is agu - H-closed set but not conversely.

Proof. Let A ¢ X is p-closed such that A € M and M is p-open. Now
CeH(A) c cu(A) €M and M is p-open. Hence A is agu-H-closed set

Example 2.8. Let X = {a,b,c,d}, p={0,{a} {b} {a b}, {bd e},
{a,b,d, e}, {a c,d e} X} and H= {9, {c}}. Then A = {a, ¢, d} is agu - H-closedset but
not p-closed.

Theorem 2.9. Every a-H-closed set is agu - H-closed set but not conversely.
Proof. Let A c X is a - H -closed. Consider M be any u -open setand A € M. Since Ais a -

H -closed, so c.H(A) € M whenever A< M and M is p -open. Hence A is agu-H-
closed.
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Example 2.10. Let X = {a,b,c,d}, u={0,{a} {b} {a, b}, {b,d e},
{a,b,d, e}, {a,c,d e}, X} and H= {9, {c}}. Then A = {a, c,d} is agyu- H-closedset but
not o -H-closed set.

Remark 2.11. The intersection of any two agy - H-closed sets need not be agy -
H-closed set.

Example 2.12. Let X = {a,b,c}, p = {9, {a}, X} and H= {9, {c}}. ThenA = {a,b}
and B = {a,c} are two agu-H-closed sets but ANB = {a} is not a agu-H-closed set.

Theorem 2.13. If a subset A of X is agu - H -closed in (X, u, H), then c.+(A)— A contains
no nonempty p-closed sets of (X, W).

Proof. Assume that A is agu- H -closed. Let F be a non empty p -closed set
contained in c.H(A) —A. Since A X—F and A is agu- H -closed, c.+(A) € X —F and
F € X —caH(A). Therefore, F S coH(A)N(X —Can(A)) = @, which implies that c.H(A) — A
contains no nonempty u-closed sets.

Corollary 2.14. Let (X, 1) be a strong generalized topological space with hereditary class H and
A c X is agu-H-closed. Then A is a-H-closed iff coH(A)—A isp-closed.

Proof. Let Abe a-H -closed. If A is a-H -closed csH(A)—A = @ and c.H(A) —A is [
-closed. Conversely, let c.H(A) — A be [ -closed set, where A is a - H -closed. Then by
Theorem 2.13 , c.H(A) — A does not contain any non emptyp -closed set. Since cqH(A) — A
is a 1 -closed subset of itself, c,1(A) — A =@ and hence A is a-H-closed.

Theorem 2.15. If A is p-open and agy-H-closed in (X,4,H) then A is a-
H-closed in (X, W).

Proof. Let A be a p-open and ag,-H-closed in (X,u, H). Then c(A) € A
and hence A is a-H-closed in (X, ).

Propositon 2.16. A subset A of X is agu-H-closed in (X, u, H) if and only if
CaH(A) NF =@ whenever ANF =@ and F is p-closed in (X, Y, H).

Proof. Assume that A is agyu - H -closed. Let ANF =0 and F is p-closed. Then A € X
— F and c.H(A) € X — F. Therefore, we have c.H(A) N F = @. Conversely, let A€ M and M
be p-open. Then AN(X—M) =0 and X —M isp -closed. By hypothesis, coH(A)N(X—M)
= @ and hence c.H(A) € M. Therefore,A is an agy-H-closed set.

Theorem 2.17. For a subset A of (X, ), the following properties are equivalent:

Ais p-locally closed,
A

1. H
2. A=U Ncu(A) for some U €y,
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3. CaH(A) —Ais p-closed,
4. AU (X —caH(A)) € 1,
5. A CigH(A U (X —can(A))).

Proof. (1) = (2). Let A=U NV, where U€ p and V is W -closed. Since A c V, we have
CaH(A) € can(V ) € cu(V ) = V. Since A c U N cH(A) € U NV = A. Therefore, we obtain A
=U NcwH(A) for some U € .

(2) = (3). Suppose that A = U N cH(A) for some U € p. Then, caH(A) — A = can(A) N [X
— (U N can(A))] =cen(A) N (X —U). Since caH(A) N (X —U) is u-closed and hence,
CaH(A) —A is p-closed.

(3) = (4). We have X — (CaH(A) — A) = (X — caH(A)) U A and hence, by (3) we obtain A
U (X —CaH(A)) E U

@) = (5). By (4), A AU (X —Ca(A)) = iun(A U (X — Cari(A))).

(5) = (1). Let U = ixs[AU (X —car(A))]. Then, U ep and A = ANU cUNcu(A) c
[AU (X —car(A)] N cu(A) = AN cu(A) = A. Therefore, we obtainA = U Ncyu(A), where U
€ and cu(A) is p-closed. Hence A is p-locally closed.

Theorem 2.18. Let A and B be subsets of a hereditary generalized topologicalspace (X, K,
H). If A € B < cH(A) and A is agu - H-closed, then B is agy -
H -closed.

Proof. Assume that A c B c c.+(A) and A is agyu - H -closed. Then we have c.+(B) — B c
caH(A) — A. Let F be a pu -closed set such that F c c,+(B) — B < ca(A) — A. Since A is agy -
H -closed, therefore c,n(A) — A has no non-empty [ - closed subset and hence c.+(B) — B
contains no nonempty u -closed subset. HenceB is agy - H-closed.

Theorem 2.19. If a subset A of (X, i, H) is agu - H-closed and B is W -closed,then A NB is
agu - H-closed.

Proof. Suppose that A NB < M, where M is p-open in (X, , H). Then
Ac (MU (X—B)).Since Ais agu - H -closed, c.H(A) € M U (X —B) and hence c.H(A) N
B € M. Therefore, c.+(A N B) € M which implies that AN B is agy - H-closed.

Definition 2.20. A subset A of a hereditary generalized topologicalspace (X, i, H) is agu - H-
open if and only if A® is agy - H-closed.

Theorem 2.21. A subset A of a hereditary generalized topological space (X, u,H)
IS agu-H-open if and only if F < aHiu(A) whenever F is p-closed and F c A.

Proof. Assume that F < aHiy(A) whenever F is p-closed and F c A. LetA® c M,
where M is p-open. Then M® c A and M® is p -closed, therefore M® c aHiu(A),
which implies aHcu(A®) € M. So A°® is agu - H -closed. Hence A is agu - H -open.
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Conversely, suppose that A is ag.-H -open, F < A and Fis p-closed. Then F°¢ is
open and A® c F°. Therefore, aHcu(A%) < F¢ and soF < aHiu(A).

Theorem 2.22. Every ogy - H-open set is agu -open set but not conversely.

Proof. Let A c X is agu - H -open in (X, 4, H). Then we have, F c aHiy(A) whenever F c
A and F is p-closed in (X, 4, H).

Since F caHiu(A) = ANiucjin(A)

C ipCuiu(A)

= 1.(A).

Hence Ais agy-open set by Theorem 2.11 [5].

Theorem 2.23. Let A and B be subsets of a hereditary generalized topological space (X, W,
H). If izn(A) € B c Aand A is agu - H-open, then B is agy - H-open.

Proof. Suppose that i,H(A) € B < A. Then X —A c X =B < c.H(X —A). ByTheorem 2.18,
X —Bis agu-H-closed. Hence B is agy-open.

Propositon 2.24. Let (X, 1) be a strong generalized topological space with hereditary class H .
For each xe X, either {x} is p-closed or {x} isag.-H-open.

Proof. Let {x} be not p -closed. Then X — {x} is not p-open and the only p -
open set containing X —{x} is X itself. Therefore c.+(X —{x}) € X and hence X —
{x} is agu-H-closed. Thus {x} is agu-H-open.

Remark 2.25. The notions of p*-closed and agy - H-closed are independent.
Example 2.26. Let X = {a,b,c,d}, p={0, {a} {v}, {a b}, {bd,e?},

{a,b,d, e}, {a c,d e} X} and H= {9, {c}}. Then A = {a, ¢, d} is agu - H-closedset but
not p*-closed.

Example 2.27. Let X = {a,b,c,d}, p = {0.{b}, {c,d}, {bc,d} X} and H =
{?,{c}}. Then A ={c} is p*-closed but not agy-H-closed set.

Definition 2.28. A subset A of a hereditary generalized topological space (X, u, H)
is said to be H-R-closed, if A = cpiu(A).

Theorem 2.29. Every H-R -closed is o - H-open but not conversely.

Proof. Let A c X is H-R-closed in (X, , H). Then A = cjyiu(A), which implies
A ccjyiu(A). Hence A is o-H-open.

Example 2.30. Let X = {a,b,c,d}, p={0,{a b}, {c} {abc} {bcd} X} and
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DECOMPOSITION OF (an,4)-CONTINUITY

H={0,{d}}. Then A ={c} is o-H-open but not H-R -closed.

Definition 2.31. A subset A of a hereditary generalized topologicalspace (X, u, H) is said to
be

1. a nu-H-set, if A=U NV, where U is p-open and V is «-H-closed.
2. a sAu-set, if A=U NV, where U is o-p-open and V is H-R-closed.

Remark 2.32. The union of two 7, - H-sets need not be a 7, - H-set.

Example 2.33. Let X = {c1,¢2,¢3}, M ={0, {c1}, {c1, 2}, X} and H = {0, {c2},
{c3}, {c2,¢3}}. Then A ={c1} and B = {¢3} are nu-H-sets but AUB = {c1,¢3}
is not a 7y -H-set.

Theorem 2.34. Let A and B be a subset of quasi topological space (X, 1) withhereditary class
H. If A and B are 5, - H-sets. Then ANB is also an #, - H-set.

Proof. Let A=U NV and B=LNM, where U and L are p-open setsand Vand M are

a - H-closed sets. Now ANB = (U NV)NLNM)= U NL)NNV NM),where (UNL) is p-
openand (V NM) is a-H -closed set. Hence AN B is .- H-set.

Theorem 2.35. For a subset A of a hereditary generalized topological space
(X, 1, H) the following are equivalent :

1. Ais nu-H-set
2.  A=UnNcw(A), for some p-open set U.
Proof. (1) = (2). Let A is yu-H-set. Then A=U NV, where U is p-openVisa-H

-closed. So A c U and A c V. Which implies c.+(A) € aHcu(V ). Therefore, A € U Ncan(A)
c U NaHcy(V) =U NV = A Hence A = U NcaH(A).

(2) = (1). Let A = U N cen(A), for some p -open set U. Here cuH(A) is a - H -closed.
Hence A is 7, -H-set.

Theorem 2.36. In a hereditary generalized topologicalspace (X, i, H), the following hold:
1. Every o-H-open is sAn-Set.
2. Every H-R -closed set is sAH-set.

Proof. Obvious.

Theorem 2.37. For a subset A of a hereditary generalized topological space
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(X, 1, H), the following are equivalent:
1. Ais a-H-closed
2. Ais agu-H-closed set and 7, - H-set.

Proof. (1) = (2). This is obvious.

(2) = (1). Let Ais agu-H-closed set and 7, - H-set. Since A is #nu-H-set, thenA = U
N CcaH(A), where U is p-openin (X, 4, H). So A € U and since A is agu - H -closed, then
CaH € U. Therefore c,n € U N cen = A. Hence A is a - H -closed set.

Theorem 2.38. Let (X, 1) be a quasi topological space (X, ) with hereditary class
H. Then Every sAn-set is ¢ - H-open.

Proof. Let A be sAn-set. Then A=U NV, where U is o¢-H-open and V isH-R-
closed. Since U is o-H-open, U c cyiu(U). Now A c U c cpyip(U) = iucp(A) c
Cuiu(U). Since V is H-R-closed, which implies A cV = cyiu(V) = iucjpy < iu(V).

Thus iucp(A) < cpip(U)Nin(V) < cp(in(U)Ninv)) < cplin(UNV)] = cpin(A). Hence A
is d-H-open.

Theorem 2.39. For a subset A of a quasi topological space (X, ) with hereditaryclass H the
following are equivalent:

1. Ais o-H-open
2. A'is strong S -H-open and sAx-set

3. Aisstrong f-H-open and ¢ -H-open

Proof. (1) = (2). Let A is o-H-open. Then A c cyiu(A) = cu(A) c

CucCuin(A) = cpin(A) = iucp(A) c icpin(A) < cpip(A). So iucp(A) c cﬁip(A). Hence
A'is strong S -H-open and sAnx-set by Theorem (4.1.14))

(2) = (3). Let A is strong S - H-open and sAx -set. Then A is strong S -H-open and
0 - H-open by Theorem (4.1.16).

(3) = (1) Let A is strong f-H-open and J-H-open. Then A c cyiucjy(A) and

i (A) < cpin(A). Now A ccyipcpu(A) ccpucpin(A) = cﬁip(A), which implies
C cpip(A). Hence A is o-H-open.

3 (agn,4)-continuity

Definition 3.1. A function f : (X, 4, H) — (Y, 4) is said to
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1. (an, ) -continuous, if f1(V) isa a-H-openin (X, H) for each V €.
2. (ow, A) -continuous, if (V) isa o-H-openin (X,u, H) for each V €A
3. (mm, A) -continuous, if (V) isa z-H-open in (X, H) for each V € A

4. (agn,A)-continuous, if f1(V) is a agu-H-open in (X,y,H) for each
V ei

5. (yn,A) -continuous, if (V) isa a-H-openin (X,u, H) for each V €A
6. (Rn,A)-continuous if f71(V) isa H-R-open in (X,u, H) for each V €.

7. (sAn,2)-continuous, if f (V) is a a-H-open in (X,p, H) for each V €
A.

Theorem 3.2. For a function f : (X, 4, H) — (Y, 4), the following hold:

1. Every (an, A) -continuous function is (agn, 4) -continuous.

2. Every (agH, A) -continuous function is (agy, 1) -continuous.

Proof. (1). Let f : (X,u,H) — (Y,4) is (an,A)-continuous function. Nowf (V) is
a - H -open for each V € 4. Since f }(V ) is agy - H -open. Hence f is (agn, A) -continuous.
(2). Let f is (agn, A) -continuous, which implies (V) is agu-H-open for each

Vel Now f (V) is agy-open. Hence f is (agy, A)-continuous.

Example 3.3. Let X = {a,b,c,d, e}, pn={0,{a} {b} {a b}, {b d e} {ahbde},

{a,c,d, e}, X}, H={0,{c}}, Y ={p.,q,,r,s} and 1 ={0,{p}. {a}. {p.q},
{a,s,t},{p,q,s,t}, {p,r,s,r}, Y }. Let the function f : (X, u, H) — (Y, ) is definedby f (a)
=p,f(b)=q,f(c)=r, f(d)=s, f(e)=r. Then the function f is (agn, 1) -continuous
but not (an, 4)-continuous.

Example 3.4. Let X = {a,b,c,d, e}, p={0,{a}, {b}, {a b}, {bd e},

{a,b,d,e},{a,c,d, e}, X}, H={0,{c}}, Y ={p,q,,r,s} and 1=

{0, {p}, {a}.{p.q}.{a,s,t}.{p.a,s,t}, {p,r,s,r}, Y }. Let the function

f:QOGHH) — (Y, 4) is defined by f(a) = p, f(b) =q, f(c) =r, f(d) =s,f(e)=r.
Then the function f is (agn, 1) -continuous but not (agy, 1) -continuous.

Theorem 3.5. For a function f : (X, 4, H) — (Y, ), the following hold:

1. Every (on, 4) -continuous function is (SAw, 1) -continuous.

2. Every (Rwn, 4) -continuous function is (sAwn, 4) -continuous.

Proof. Obvious.
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Example 3.6. Let X = {1,2,3}, p={0, {1} {2}.{1,2}, X}, H={0,{3}} and
A={0,{3}, X}. Then the identity function f : (X, 4, H)
— (Y, 4) is (SAH, 4) -continuous but not (on, A) -continuou.

Example 3.7. Let X ={1,2,3,4}, pu=0,{2},{1,4}.{1,2,4}, X}, H={0,{1}}
and 1 = {0,{1, 2,4}, X}. Then the identity function f : (X,y,H) — (Y,2) is

(sAn, A) -continuous but not (Rw, 4) -continuous.
4 Decomposition of (an, A)-continuity

Definition 4.1. A function f : (X, 4, H) — (Y, 4) is said to

1. strong (Bn,A)-continuous, if f71(V) is a strong £ -H-open in (X, 4, H) foreach V
€L

2. (6n, A) -continuous, if f3(V) is a 6-H-open in (X,u, H) for each V €.

Theorem 4.2. For a function f : (X, u, H) — (Y, 1), the following hold:

1.  fis (an,A)-contiuity
2. fis (agn,A)-continuity and (#w, ) -continuity.
Proof. This is obvious from Theorem 2.37.

Theorem 4.3. For a function f : (X, 4, H) — (Y, 1), the following hold:

1. fis (ow,A)-contiuity
2. fis strong (B, A)-continuity and (sAw, 1) -continuity.
3. fisstrong (Bn,A)-continuity and (ow, 4) -continuity.

Proof. This is obvious from Theorem 2.39.
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